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Abstract

The distance version of F- index of a graph is defined and exact values of this
index have been found for some graph operations.
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1 Introduction

A topological index of a graph is a numerical quantity which is structural invariant.
Means that it is fixed under graph automorphism. The simplest topological indices are the
number of vertices and edges of a graph. In chemistry, biochemistry and nanotechnology
different topological indices are found to be useful in isomer discrimination, structure-
property relationship, structure-activity relationship and pharmaceutical drug design.

All graphs considered are simple and connected graphs. We denote the vertex and the
edge set of a graph G by V(G) and E(G), respectively. dg(v) denotes the degree of a

vertex v in G. The number of elements in the vertex set of a graph G is called the order
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of G and is denoted by v(G). The number of elements in the edge set of a graph G is
called the size of G and is denoted by e(G). A graph with order n and size m edges is
called a (n, m)-graph. For any u,v € V(G), the distance between u and v in G, denoted
by dg(u,v), is the length of a shortest (u,v)-path in G. The edge connecting the vertices
v and v will be denoted by uv. The complement of a graph G is denoted by G.

The join of graphs GGy and G5 is denoted by G'1 + G, and it is the graph with vertex set
V(G1)UV(G2) and the edge set E(G1+ G2) = E(G1) U E(G2) U{ujus|u; € V(Gy),us €
V(G9)}. The composition of graphs G; and G is denoted by G;[G3], and it is the graph
with vertex set V(G1) x V(G3), and two vertices u = (ug, uz) and v = (v, v9) are adjacent
if (uy is adjacent to vy) or (u; = vy and up and vy are adjacent). The disjunction of graphs
G1 and G is denoted by G V Gy, and it is the graph with vertex set V(Gp) x V(G5)
and E(G1 V G2) = {(u1,u2)(vy,va)|uivy € E(Gy) or ugve € E(G5)}. The symmetric
difference of graphs GG; and G5 is denoted by G @ G5, and it is the graph with vertex set
V(G1)xV(Gs) and edge set E(G1EG2) = {(u1, uz)(v1,v2)|ujvy € E(Gy) or ugve € E(Gy)
but not both }. The Cartesian product of G; and G, denoted by G;0Go, is the graph
vertex set V(Gy) x V(G3) and any two vertices (u,,vs) and (u,,vs) are adjacent if and
only if [u, = u, and v,vs € E(Gs)] or [v, = vs and wyu, € E(Gy)].

Let G be a connected graph. The Wiener index W(G) of a graph G is defined as

we = Y dG(u,v):; S do(u,v).

{uw}CV(G) eV (G)

Dobrynin and Kochetova[9] and Gutman[13] independently proposed a vertex -degree-
Weighted version of Wiener index called degree distance or Schultz molecular topological

index, which is defined for a connected graph G as

DD(G)= > de(u,v)[de(u) + da(v)] = ; > da(u,v)[de(u) + da(v)).
{u}CV(G) u,weV(G)

The Zagreb indices have been introduced more than thirty years ago by Gutman and
Trianjestic [14]. The first Zagreb index M;(G) of a graph G is defined as

Mi(G) = > lde(u) +de)] = > dg(v).

weE(G) veV(Q)
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The second Zagreb index Ms(G) of a graph G is defined as

My(G) = S de(w)da(v).

weE(G)

The first Zagreb coindex M;(G) of a graph G is defined as

Ml(G) = Z [dg(u) + dg(’l))]
wé¢E(G)

The second Zagreb coindex My(G) of a graph G is defined as

My(G)= > dg(u)da(v).
wé¢E(G)
The Zagreb indices are found to have applications in QSPR and QSAR studies as well,
see [8].

These indices were introduced in a paper 1972[1], within a study of the structure-
dependency of total II-electron energy (e). It was shown that e depends on the sum of
squares of the vertex degrees of the molecular graph (later named first zagreb index),
and thus provides a measure of the branching of the carbon-atom skeleton. In the same
paper, also the sum of cubes of degrees of vertices of the molecular graph was found
to influence e, but this topological index was never again investigated and was left to
oblivion. However this index was not further studied till then, except in a recent article
by Furtula and Gutman [12] where they reinvestigated this index and studied some basic
properties of this index. They showed that the predictive ability of this index is almost
similar to that of first Zagreb index and for the entropy and acentric factor, both of them
yield correlation coefficients greater than 0.95. In [17], this index as “forgotten topological

index” or “F-index”, which is defined for a graph G as

F(G)= > dew)’= 3> ldo(u)’+da(v)?].

veV(G) weE(G)

As we know that some chemically interesting graphs can be found by different graph
operations on some general or particular graphs, it is important to study such graph
operations in order to understand how it is related to the corresponding topological
indices of the original graphs. In [15], Khalifeh et. al, derived some exact formulae for

computing first and second Zagreb indices under some graph operations. In [5], Das
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et. al. derived some upper bounds for multiplicative Zagreb indices for different graph
operatins. In [7], De et.al, authors computed some bounds and exact formulae of the
connective eccentric index under different graphs oprations. There are several other
results regarding various topological indices under different graph operatins are available
in the literature. In [2], Azari and Inranmanesh presented explicit formulae for computing
the eccentric-distance sum of different graph operations. Interested readers are referred

to [3,4,6,11,16,18,19] in this regard. In this paper, we define new index as the distance

version of F- index and denoted by DF(G), so that
DF(G) = > de(u,v)[dg(u)® + de(v)?]
{uv}CV(G)

> da(u, v)[dg(u)? + dg(v)?].
u,veV(G)

N | =

In this paper, we present some exact expressions for the distance version of F-index of
different graph operations such as join, composition, disjunction, Cartesian product and

symmetric difference of two graphs.

2 Main Results and Discussions
2.1 Basic Lemmas

Lemma 2.1. [20] Let G; and G5 be two simple connected graphs. The number of
vertices and edges of graph G; is denoted by n; and e; respectively for ¢ = 1,2. Then we
have (i)

1, w € E(Gy) oruv € E(Gs) or (u € V(G1) and v € V(Gs))

dG +G (U,,’U) =
T 2, otherwise

For a vertex u of Gy, dg,+¢,(u) = dg,(u) + ne, and for a vertex v of Go,dg,+q,(v) =
de, (v) +ny.

(i)

da, (ur,ua), w1 # ug
da, (o) ((ur, 1), (ug, v2)) = 4 1, Uy = ug, 1109 € E(G3)

2, otherwise
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dG1[G2]<u> U) = n2dG1 (u) =+ dGz (U)

(iii)

1,  wug € E(Gy) or vyv9 € E(G3)

2, otherwise

dG1VGQ((u1>U1), (UQ, UQ)) = {

dGl\/G2 <<u> U)) = n2dG1 (U) + nldGz (U> - dG’l (u)dG2 (U)
(iv)

1, wug € E(Gy) or vive € E(G3) but not both

2, otherwise

dG1@G2((U17U1)7 (UQ,U2)> = {

dGlEBGz <<u7 1))) = n2dG1 (u) + nldGz (U> - 2dG1 (u>dG2 (U)

Remark 2.2. For a graph G, let A(G) = {(z,y) € V(G)xV(G) | z and y are adjacent in
G} and let B(G) = {(z,y) € V(G)xV(G) | x and y are not adjacent in G}. For each x €
V(G), (z,z) € B(G). Clearly, A(G)U B(G) =V (G) x V(G). Let C(G) = {(z,z) |z €
V(@)} and D(G) = B(G) — C(G). Clearly B(G) = C(G) U D(G), C(G) N D(G) = 0.

The summation > runs over the ordered pairs of A(G). For simplicity, we write

(z,y)€A(G)
the summation > as >, . Similarly, we write the summation > as Y. .
(z,y)€A(G) ryeG (z,y)€B(Q) zy¢G
Also the summation >  runs over the edges of G. We denote the summation >
zy€E(G) z,yeV(Q)
by > . The summation > eqgivalent to and similarly the summation
z,yeG (z,y)eD(G) zy¢G,x#y
> eqgivalent to > .
(z,y)€C(G) wy¢G o=y

Lemma 2.3. [10]

> da(x) = Mi(G)

zyeG

Lemma 2.4.

3 1= 2¢(G) + v(G)

zy¢G
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Proof:

Yol = o1+ > 1
zy¢G (z,y)eD(Q) (z,2)eC(Q)
= 2¢(G) +v(G).

Hence proved the lemma.

Lemma 2.5.

S da(x) = 2¢(G)(0(G) — 1) + 2¢(G) — My(G)

zy¢G
Proof:
Yodo(r) = ) dela)+ D dglx)
zy¢G (z,y)eD(Q) (z,2)eC(Q)
- ¥ {w@-1-d@f+ ¥ delw)
(zy)ED(G) (z,2)eC(G)
= (v(G)-1) Z 1-— Z de(z) + 2e(G)
(z,9)€D(G) (z,9)€D(G)
= (v(G) - 1)26(@) — Z dZ (x) + 2¢e(Q)
(z,y)€A(G)
= (v(G) —1)2e(G) — > d&(z) +2¢(G)
zyeG

= 2¢(G)(v(G) — 1) + 2¢(G) — My(G)
Hence proved the lemma.

Lemma 2.6.

zy¢G

Proof:
Y de(x)de(y) = > de(x)de(y)+ > de(z)de(z)
zyg G (z,y)eD(Q) (z,x)eC(G)

= 2 Y de(@)de(y)+ Y. di(x

zy¢ E(G) zeV(Q)
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= 2M,y(G) + My(G)
Hence proved the lemma.

Lemma 2.7.

> lda(@) + da(y)] = 2M1(G) + 4e(G)

zy¢G
Proof:
Yo lda(x) +da(y)] = Y ldo(z) +do(y)]+ D [da(z) +da(y)]
ry¢G (z,y)€C(G) (:6 y)€D(G)
= Y 2g(@)+2 > [de(z)+ da(y)]
zeV(Q) zy¢ E( )

= 4e(G) +2M,(G)
Hence proved the lemma.

Lemma 2.8.
Y dg(x) = (v(G) = )M(G) - F(G)
zy¢Ga#y

Proof:

> dg(r) = Y [0(G) —1—dg(v)ldg(x)

zy¢Ga#ty IGV(G)
= ) D di(x)— Y di(x
zeV(Q) zeV(G)
= (v(G) - 1)Mi(G) - F(G)

Hence proved the lemma.

Lemma 2.9.

S da(z) = (0(G) — 1)2e(G) — My(G)
ry¢G,a#y

Proof:

Y. de(r) = > [(G)—1—dg()]de(x)

zy¢Ga#y z€V(Q)
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~ ) Y dalr)— Y di(

zeV(G) zeV(G)

= (0(G) = 1)2¢(G) = My (G)

Hence proved the lemma.

Lemma 2.10.

S 1= (@) - Du(G) — 2(G)

ryg G aty

Proof:

o1

ry¢ G aty

> )[v(G) —1—dg(z)]
zeV (G
Z 1-— Z dg(l‘)

2eV(G) 2V (G)

(0(G) = Do(G) = 2¢(G)

Hence proved the lemma.

Lemma 2.11.

> dg(x)

zy¢G

Proof:

> dg(x)

zy¢G

(0(G) = DML(G) = F(G) + My(G)

> dglo)+ X da(w)

zy¢G,z#y xygéGm Y

(v(G) — )M, (G) — )+ Y di(x
zeV(G)

(0(G) = 1)M(G) = F(G) + My (G)

Hence proved the lemma.

The Zagreb indices and Zagreb coindices, in particular the above Lemmas which are

proved, will be helpful in presenting our main results in a compact form.

2.2 Join

In the following theorem, we compute the distance version of F- index of the join of two

graphs.
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Theorem 2.12. Let G;,i = 1,2, be a (n;, m;)- graph, then

2x DF(G1 + Gy) = 2F(Gy) + 4nyMy(Gy) + 4nsmy + 4[My(G1)(ny — 1) — F(Gy)]

+ 8712[(711 — 1)2m1 — Ml(Gl)] + 4713[(72,1 — 1)72,1 — 2m1]
+ 2M1(G1)ny + 2ndng + 8ndmy + 2M1(Go)ny + 2n3ny + 8n2my
+ 2F(G2) + 4711M1(G2) + 4%%7’”2 + 4[M1(G2)(TLQ - 1) - F(Gg)]
+ 8711[(’”2 — 1)2m2 — Ml(Gg)] + 4%%[(712 — 1)712 — ng]
Proof:
2x DF(G1+Gy) = % > dovan(@9)|doya. @) + doyiu (1)’

oD

IGV(GQ)

D>

:EGV(G1)

D>

zEV(Gz)

- ¥

z€V(G1)

+ 2 )

zeV(G1)

D

z€V(G2)

eV (G1+G2) yeV(Gi1+Ga2)

- Y { ¥ datny

dy+a,(7)? + dG1+G2(y)2}
z€V(G1+G2) ~yeV(Gy)

+ Z dGl+G2 (1‘, y) [dGH-Gz (I)2 + dGl+G2 (y>2:| }
yEV(Gz)

= Z Z dG1+G2 (l‘, y)

z€V(G1+G2) yeV(G1)

+ Z Z dG1+G2 (l‘, y)

z€V(G14+G2) yeV(Ga)

= Z Z dG1+G2 (SL’, y)

zeV(G1) yeV(Gy)

dGH-Gz (I)Q + dGH-Gz (y)2:|

oy ra(@)? + deyraa(9)’]

ey (@) + dayraa(v)’]

Z dG1+G2 (.T, y) dG1+G2 (56)2 + dG1+Gz (y>2
yeV(G1) ) -

Z dG1+G2 (33', y) dG1+G2 (SL’)2 + dG1+G2 (y>2
yeV(G2) ) -

Z dG1+GQ (33', y) dG1+G2 (x)2 + dGl+G2 (y>2
yeV(G2) - -

Z dG1+G2 (.I, y) dG1+G2 (x)Q + dGl+G2 (y>2
yeV(G1) - N

Z dG1+G2 ($7 y) [dGl+G2 (x)Q + dG1+G2 (y)2]
yeV(G2)

Z dGH—G’z ($a y)

yeV(Ga)

deyva,(7)? + dGI+G2(y)2}

= 51 +25 + S,
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where S7, 55, 53 are terms of the above sums taken in order. Next we calculate Sy, S

and S3 separately.

S1 o= Z Z dG1+G2 (Zlf, y) {dGﬁ-Gz (33)2 + dG1+G2 (y)ﬂ
2€V(G1) yeV(Gr)

= Z dG1+G2 (ZL‘, y)

dey+6, (%) + day 16 (y)Q]

x,yEV(G’l)
= ¥ dovsan(@.) |doy0,@)? + dovsn(9)?]
ryeGy
+ Z dG1+G2 (1‘7 y) dGH-G'z (:L')2 + dG1+G2 (y)2]
zy¢G1,a7y
+ Z dG1+G2 ("L‘7 y) dGH-Gz (x)Q + dG1+G2 (y)2]
ry¢G1,a=y
= 1 Z {dG1+G’2 (x)Q + dG1+G2 (y)2] + 2. Z [dGH—Gz (:E)2 + dGH—Gz (y)2
zy€G1 ry¢Gr,a#y
£ 00 Y o @) + dorie(v)?]
ry¢Gr,x=y

S1 = Si1 4251,

where S;; and S; 2 are terms of the above sums taken in order, which are computed as

follows:
Siio= ), {dGﬁGz(ﬂ?)erdGlmQ(y)Z}
ryeGy
= Y (e (@) + 1)’ + (e, (y) + w]
ryeGy

= Z |:dG1 ($)2 + n; + 2dG1 (‘T)HQ + dG1 (y)2 + n% + 2n2dG1 (y):|

zyeGy
= ¥ |l @) +do,wP] +2m2 X [dy (o) + dy ()] + 208 T 1
zy€eGy ry€Gy ry€eG1

= 2F<G1) + 47’1,2M1 (Gl) + 4n§m1

Sz = % |dora @+ davse(v)?]
zyEGh), £y

= Y |do@) +ma) o+ ey () +ma)?
ry¢Gi, z#y

= Y |da,()* 4+ n3 + 2dg, (x)n2 + da, (y)* + nj + 2n2de, (y)
2y¢G1, Ty
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- {d(;l(x)udcl(y)ﬂwng >, [dcl(x)+dcl(y)]+2n% >, 1

rygGi, x#y zydG1,x#y zydG1, x#y

SZ = Z Z dG1+GQ<x7y) dG1+G2(x)2+dG1+G2(y>2:|
zeV(G1) yeV(G2)

= > )

z€V(G1) yeV(G2)

— LYY [dou() 4 nd+ 2 @ne + e (0)° + 0+ 2mideu ()
2eV(G) er(GQ)

= > de(@)? Y l4my Y1 Y 142m Y de(x) Y 1

(Ao () +m2)? + (des () + )’

:BEV Gl) yev G2) wGV(Gl) yGV(Gz) ZGV(Gl) yGV(Gz)
+ 031 Y de,? 4l > 1Y 1+2m Y de(y) Y 1
z€V(G1) yeV(G2) zeV(G1) yeV(Ga) yeV(G2) z€V(G1)

= Ml(Gl)TLQ + ngnl + 4n§m1 + M1 (Gg)nl + n‘i‘nz + 471/%?712

Sy = Z Z dG1+G2(x>y)

z€V (Gz) yeV (Go)

= Z dG1+G2 (Ia y)
x,yEV(Gg)

= Z dGH-G'z ($’ y)

zy€Ga,

+ Z dG1 +G2 (IL‘, y)
zy¢Ga, £y

+ Z dG1+G2 (:L", y) {dG’H-Gz (?L‘)Q + dGH—Gz (y)Q]

zy¢Ga, r=y

dG1+G2 ($)2 + dG1+G2 (y)Z]

dy+a,(2)? + day 46 (?/)2]

dy+a,(7)? + dG1+G2(?J)2}

dyvay(2)” + dayvas (9)2]

= 1. >

zy€Ga

+ 0. > {dG1+G2($)2+dG1+G2(y)2}

zy¢Ga, r=y

Sz = S31+ 28539,

dG1+GQ (13)2 + dG1+G2 (y)2] + 2. Z [dGH—Gz (‘r)Q + dG1+G2 (y)Q
zy¢Ga, x#y

where S3; and S35 are terms of the above sums taken in order, which are computed as

follows:

S = % |dorrca(@)? +doraa(v)?]

zy€Ga
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= % [oute) +m) + (des(y) + mY]

zyeGa -

= > |, (2)? +ni + 2dg, (x)n + da, (y)? +nf + 2n1dc2<y>}
zyeGa -

= Y |de,(2)*+da,(y)*| +2m > [dGQ(x) —l—dGQ(y)} +2n7 Y 1
zyeGa - zyeGa zyeGa

= QF(GQ) + 4TL1M1 (Gg) -+ 4n%m2

53,2 = Z dGH—Gz (I)Q + dG1+G2 (y>2:|

zy¢Ga, x#y ~

= Y [[aw) + ) + (dauly) + )
zydGa, x#£y -

= Y e (@) + i+ 2dg, (x)n + da, (y)? + 0t + 2nida, (y)]
zy¢Ga, x#y ~

S S (CAOETFR (L R SR X O RRCX )] E A SIS
zy¢Ga, x£y zy¢Ga, t#y zy¢Ga, v#y

== Z[Ml(G2>(n2 - 1) — F(GQ)] + 27112[(712 — 1)27712 — Ml(GQ)] + 271%[(712 - ].)TLQ — 2m2]

22X DF(G1+Gg) =514+ 25 + S5 =511+2S12+25,+ S31 + 2539 (1)

Substituting Si1, S12, S2, S31, and Sso in (1), the desired result follows after simple

calculation. [ |

2.3 Composition

In the following theorem, we compute the distance version of F-index of the composition

of two graphs.

Theorem 2.13. Let G;,i = 1,2, be a (n;, m;)- graph, put m; = e(G;). Then

2 x DF(G1[Ga]) = 4n2maDF(Gy) + AW (G1)F(Ga) + AnaMy(Go) DD(Gy)
47’L§M1(G1> [(TLQ - 1)TL2 — 2m2} + 47’Ll [(TLQ - 1)M1(G2) — F(GQ):|
16m9m, {ng(nz —1)— Ml(Gg)} + 4nz My (G)mg + 20 F(Go)
8n2m1M1(G2) + 2n%DF(G1)(2m2 + ’I’LQ)

AW (G1)[(ng — )My (G2) — F(Ga) + My (Gy)]

4ny [(ng — 1)2m2 — Ml(éQ) + 2m2} DD(Gl)

+ o+ + o+ +
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Proof:

DFGIGD| = ¥ ¥ doyoul@u).(y,0) |doyo (@0 + de ey )

z,yeV(G1) u,weV(Ga)

- > {z

z,yeV(G1) - weGa

+ Z |:dG1[G2] (x> u)2 + dGl[GQ](y7 U)Z} }

uvgGa

= > ) [dGl[Gz )2+dcl[c2](yav)2}

z,ye€V(G1) wveGe

2 X

dGl[G2] (xa u>2 + dG’l[Gz} (ya 0)2}

+ > X [dGl[Gz )2+dG1[G2]((y,U)2}

eV (G1) uwvgGa

= Z Z —dGl[Gﬂ ((xa u)2 + dG1[G2] ((ya U>2:

z,yeGr,x=y wveGy -

+ > > ldeyes (T uw)? + dayay (v, v)°

z,y€G1,2#2y wveGa -

+ > > daye) (2, u) + day ey ((y, v)°

z,y€G1,2=y wvg¢Ga -

+ > Y |deyen(z,u)® + daye,) (4, v)?

z,yeG12#y  uvgGa -
= J3+J1+J2—|—J4,

where J3, Ji, Jo, Jy are terms of the above sums taken in order. Next we calculate
Ji, Jo, J3 and J; separately one by one.
Jio= Z Z dGl[GQ]((x7 u)7 (y7 U)) {dGﬂGz](xa U)2 + dG1[G’2](y7 U)Q]

z,y€Gr1,x2#y weGa

=YY da )| (da) + de @) + (dw) + doy (v)na) |

z,y€G1,x#y wveGs

=YY de @) nde (@) + doa(0)? + 2nades (2)d () + ndd, ()

z,y€Gr,x#y wveG2

+ ey (0 + 2nadey (y)des ()]
= n% Z dGl(x7y)[dG1( ) +dG’l Z 1

m,yEGl,l’#y 'U/UEGQ

+ Z dG’l (I,y) Z [dGz(u)2 + dG2 (U)2] + 2n Z dGl T, Y dG1 Z ng

z,y€G1,2#Y uw€G2 z,y€G1,x7Y uweGa
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2n2 Z dG1 €T,y dG1 Z dG2

z,y€G1,2#y uw€Ga
n3(2my)(2DDF(G1)) + 2W(G1)2F(G2) +2ns > de, (z,y)de, (z) > dg,
Ivyeth;’éy ’LLEV(GQ)
2n9 Z de,(z,y)da, (y Z d
z,y€G1,x4y u€V(G2)
n3(2mse)(2DF(Gy)) + AW (G1)F(Ga) + 2neMy(G2) > da, (w,y)[de, (2) + da, ()]
z,y€G1 7Y

4nimyDF(Gy) 4+ 4W (G1)F(Gy) 4 2ny My (G2)2DD(GY)
> Y dogou((@ ), (1,0) |doja e, w)? + de (v )’

z,y€G1,2=y uvgGa

> { ¥ doieaew (5.0) |doea w0 + deio (5,0

z,y€G1,2=y - ww¢Ga,u=v

Z dGl[Gﬂ((x?u)a (y,v))

uwwgGa, uFv

S Y dee((@ ), (5:0) |doe(e 0 + doyon (.0

z,y€G1,x=y wwgGa,u=v

3 > daye((z,u), (y,v)) [dcl[cﬂ (z,u)* + day(ca) (s 0)2} }

z,y€G1,x=y wwgGa,utv

0o+ > > daen((,u), (y,v)

zyeG1,2=y uwwgGa,utv

Y Y do(@y)|[dou(u) + do@nal? + [dauv) + do ()nal?

z,y€G1,2=y wwgGa,u#v

2{ )3 3 [ngdGI(I)QdeGz(u)Q—|—2n2dG1(a:)dG2(u)
z,y€G1x=y wwgGa,utv

3o, (5)? + dau(v)? + 2nade, (1)des(0)|

2{n§ 3 (dcl(l’)2+dcl(’y)2> > 1

dGl[Gﬂ (QL’, u>2 + dGl[Gz} (y7 v)z} }

dey sy (@, w)? + day (e (Y, 0)2]

z,yeG1,x=y uvgGa, u#v

S 1Y (@ rda@?)+me Y dele) Y daw)
z,y€G1,2=Yy uv¢Ga, uFv z,y€G1,2=y wwgGa, uFv
Y da(y) Y de()

z,y€G1,2=y wv¢Ga, uF#v

2{n%2M1(G1)[(n2 — 1)712 — 2m2] + 2711[(712 — ].)Ml(GQ) — F(Gg)]



J3

Ju

+
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2n(2my)2[2mao(ng — 1) — Ml(G2)]}

Z Z dG1[G2] (('CE? ’LL) (ya U)) |:[dG1[G2] (x7 u)2 + dGl[Gz] (ya U)2:|

z,y€G1,0=y uvEGy

L. Z Z {dcl GQ] T U) + dG1[GQ](y7 U)z]

r,yeGr,x=y uveGa

> ¥ [[d@(u) +da, (2)nal? + [dau(0) + do, (p)nal’

z,y€Gr,x=y wveGs

{ > S

r,yeGr,x=y uwveGs

dG1 + dGz( ) + 2n2dG1 (I)dG2 (u)

n2de, () + de, (v)? + 2nades, (v)de, (v)] }

15

Y (@ rda0?) Xo1r Y 1Y (da? +de©)?)

z,yeG1,0=y uveGa r,yeGr,x=y uwveGs
2”2 Z dG1 Z dG2 + 2”2 Z dG1 (y) Z dG2 (U)]
z,yeGi,x=y e z,yeG1,0=y uveGa
ng Z (dG1 (l’)z + dG1 (y)2>2m2 + 2n1F(G2) + 2712 Z dG1 Z d
LEGV(G1) z,yeG1,2=y UGV(GQ)
2”2 Z dG1 Z d
z,y€G1,2=y veV(G2)

n§(2M1<G1))2m2 + 2n1F(G2) [2n2(2m1)]\/[1 (GQ)]
Z Z dG1[G2] ($7 U)(y, U) [[dGl[Gz} (IL’, u)2 + dGl[Gﬂ (y7 U)ﬂ

IvyEGlzx#y UU¢G2

Z Z dGl[G2]<x7 y) |:[dG1[G2]($7 u)2 + dGl[Gz} (y> U)2:|

z,y€G1,27y  wwgGa

Z Z dG1[G2] (iIZ’, y)

z,YEGL,TAY  uvgGa

Z Z dGl(xay)

z,y€G1,2#y  uwwgGa

o, (5)? + dau(v)? + 2nada, ()das (0)

Y (U)o, @ +do,w)]) 31

z,y€G1,27#Y wvéGa

Y dwy) Y (dGz(u)z—l—dGQ(v)?)

z,y€G1,x#Yy uwvgGa

o () + da (2)na]* + o, (0) + das (9)nal?

nadg, (2)? + dg, (u)* + 2nada, (2)dg, (u)
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+ 2712 Z d LE , Y dG1 Z d02

= n3(2DF(Gy))(2my + ny) + 2W(G1)2[(n2 — )M (G3) —
+ 2712 (( Ny — 1)2m2 — M1 GQ —f- 2m2>
)2

z,y€G1,a7Y

uv¢Ga

+ 277/2

Z d:Cdel Z d02

z,yeG1,27Yy

uv¢Ga

F(Ga) + Mi(G2)]

l' y)[dGl (ZL’) + dGl (y)]

x,y€G1,x#Y

[(n2 — 1) My (Gs) —

+ 2n2<(n2 —1)2m, — My(G) + 2m2>2DD(G1)

F(Ga) + Mi(Gy)]

By adding J;, J5, J3, and J; the desired result follows after simple calculation.

2.4 Cartesian

Lemma 2.14. Let G; and G5 be two connected graphs with vertex sets V(G;) =
un} and V(Gy) = {vy,v9, ...,
(up,vg) be in V(G10G,).

{uy,ug, ...,

d(G10G) (wiy) = dg, (ui) + de, (v)).

Lemma 2.15. Let G be a grah with n vertices. Let V/(G) = {vy, va, ...

(2)
(12)
Proof:

(4)

(i)

Y )

J,4=0,j#q

ni de(v;)

J,4=0,j7#q

ni: dg,(v;)

J,9=0,j7#q

n—1

Z da(v;)

J,4=0,j7#q

(n — 1)My(G)
2(n — 1)e(G)

n—1

ZdQ (v)) Z 1
Jj=0 q=0,j#q
(n —1)Mi(G)

n—1 n—1

U} respectively. Let w;; =
Then d(G10G:)(wij, wyy)

(ui,vj) and wy, =

) Un}-

- dG1(ui>up) + dG2<vj>UQ) and
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In the following theorem we compute the distance version of F-index of the Cartesian

product of two graphs.

Theorem 2.16. Let G;,i = 1,2, be a (n;, m;)- graph ,put m; = e¢(G;). Then

2 X DF(GIDGQ) QDF(Gl)nz + 4W(G1)M1(G2) + 8DD(G1)m2 + 4M1(G1)W(G2)
211 DF(Gs) + 8m1DD(Gs) + 2ns(ny — 1) DF(Gy)
4W(G1)(n2 - 1)M1(G2 8(72,2 — 1)m2DD(G1)

)+
4W(G2)(TL1 — 1)M1(G1) -+ 2711 (7’L1 — 1)DF(G2) + 8(711 — 1)m1DD(G2)

+ o+ o+

Proof: Let G = G100G,. Then,

2x DF(G) = Yo dal(wig, wpg)[da(wig)? + da(wyg)?]

wij,wpg €V (G)
no—1 ny—1

= > > de(wij, wy)da(wi)? + da(wy;)?]
J=0 ip=0.isp
ni—1 no—1

+ > Y delwi, wig)lda(wi)? + da(wig)?]
=0 j,q=0,5#p

no—1 ni—1

+ > > da(wig, wyg)[da(wig)? + da(wpg)?]

7,4=0,j#q i,p=0,i#p

- A1+A2+A3)

where A;, Ay, As are the sums of the above terms in order. Next we calculate Ay, As,
and A3 separately.

no—1 ni—1
A = Y Y da(wg, wy)[da(wi)? + da(wy;)?]
J=0  4,p=0,i#p
no—1 ny—1
= XX day (i) | (o () + da (0)F + Aoy () + o (1))
J=0  4,p=0,i#p
no—1 ni—1 |:

= Z Z dGl (uiv up)

=0 4,p=0,i7p

+ 2dg, (up)dg, (Uj)}

g, (wi) + dg, (v;) + 2de, (w;)da, (v;) + dg, (up) + dg, (v;)

no—1 ni—1

= 2 2 do(uiu) {dél () + d;, (vp)] + 26, (v;) + 2[de, (wi) + do, (up)]do, (v;)

J=0  4,p=0,i#p
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ni—1 ng—1 n1—1 ng—1
Z dg, (uz,up)[dgl(ul) —|—d2 (vp)] Z 1+2 Z de, (ui, up) Z dG2 vj)
i,p=0,i#p Jj=0 i,p=0,i#p Jj=0
ni—1 no—1
2 Y day (us, up)lde, (wi) + da, (up)] Y dey (v))
i,p=0,i#p J=0

2DF(G1)ns + 4W (G1) My (Gs) + 8DD(Gy)m

ni—1 no—1

YooY da(wij,wig)lda(wi)? + da(wig)?]

=0 j,q=0,j#q

ny1—1 no—1

> X dan(vgyu)|[doy ) + du(03) + [doy (u) + do (v,

=0 j,=0,j7#¢

ni—1 ng—1

> > dey(vj,v) [dél (us) + dgy, (v;) + 2de, (us)de, (v;) + dg, (w;) + dg, (vg)

=0  4,g=0,j7#q

2dg, (1)dg, (v,
ni—1 no—1 ni—1 no—1
2 Z A3y, (wi) D day(v,00) + Y1 > day(v,v9)[de, (v)) + dg, (vy)]
7,9=0,57#q =0 7,¢=0,j7#q
ni—1 no—1
2 do(w) Y do,(v),v9)lda, (v;) + da, (vg)]
= 7,4=0,j7#q

2M:(G1)(2W (Ga) +m1(2DF(G2)) + 2(2mq)(2DD(G2))
AM,(G1)W (Gs) + 20y DF(G3) + 8mi DD(Gs)

no—1 ni—1

> Y da(wij, wyg)[da(wig)? + da(wpg)?]
7,g=0,j#q i,p=0,i#p
no—1 ni—1

Y (daluiu) + dey(vy,0) ) [ (1) + doa(v)

J,q=0,j#q i,p=0,i#p

(o (up) + daa ()

> > (dG1 (uis up) + da, (vj, Uq)) {dél (i) + dg, (v;) + 2de, (u;)dg, (v))

J:q=0,j#q i,p=0,i#p

&, () + 3, () + 2dg (1) (v,)|
no—1 ni—1

> Y doyluuy) [d () + d, () + 2o, (u1)dou ()

J,q=0,j#q ,p=0,i#p
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no—1 ni—1

b, () + () + 2da, (e + XD (e |, () + d, (0)

J,q=0,j#q i,p=0,i#p

+ 2oy (ui)da(v) + d, (1) + d, (v) + 2o, () (v,)|

no—1 ni—1

= Z 1 Z dGl (ui7 up) [dél (ul) + dé‘l (up>]

J,q=0,j#q  i,p=0,i#p

ny—1 no—1

+ Y de(uup) D0 [dg,(v5) +dE, (vg)]
i,p=0,i%p 7,4=0,37#q
ni—1 no—1
+ 2 ) de(wi,up)da, (u) Y deay(v;)
i,p=0,i#p 7,4=0,37#q
ni—1 no—1
+ 2 Z dGl(ui’up)dG1<up> Z dG2(UQ)
1,p=0,i#p 7,4=0,j#q
no—1 ni—1
Y day(vivg) Do [dE (w) + d (uy)]
j’q:07j3éq ivp:Ov'i;ép
ni—1 no—1

> 1Y day(vy,v)[dE, (v) + 2, (v,)]
i,p=0,i#p j,q=0,j7#q
ni1—1 no—1

+ 2 Y de(w) DY day(vy,v.)da, (vy)
i,p=0,i#p J,4=0,j#q
ni—1 na—1
+ 2 Z dGl (up) Z dGz (Uj7 UQ>dGQ (UQ)
i,p=0,i7p 7,q=0,37#q
ni—1
+ 2 Z dGl (ui’ UP)[dG1 (ul) + dG1 (up)]Q(nQ - 1)m2
1,p=0,i#p

b AW (G)(2(n1 — )M (Ga)) + mi(ny — 1)2DF(Gh)
+ 2 mi da, (vj,vg)[da, (v)) + da, (vg)]2(n1 — 1)my
J,4=0,j#q

2W<G2)(2(n1 - 1)M1(Gl)> + 2711(%1 - 1)DF<G2) + 8(711 - 1)m1DD(G2)
By adding A, A; and A3, we get the desired result. [ |

2.5 Disjunction

In the following theorem, we find the degree distance of F'— index of the disjunction of

two graphs.
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Theorem 2.17. The degree distance of F'— index of G1V Gy is given by 2x DF(G1VGs)

= 2(2n3my + F(Gy) — 2naMy(Gh) ) [(n1 — 1)My(Gy) — F(Gy) + Mi(Gh))|

2(2n3my + F(Gh) — 2mMi(Gh)) [(na — 1)My(Ga) — F(Ga) + My (Gy)]

203 (2701 + 1) F(Ga) + 4ny (n2My(Ga) — F(Ga)) |21 (ny — 1) + 2my — My (G))]
213 (2 + ng) F(G1) + 4ny (nlMl(Gl — F( Gl)) [2m2(n2 — 1)+ 2my — 1(62)}
AnZF(G1)mg + 4n2my F(Gy) + 2F(G1) F(Gy) 4 4nina M1 (G1) M1 (Gs)

+ o+ o+ o+

— 4nyF(Gh) My (Ga) + 4n2 {(m —DM(Gy) — F(Gy) + Ml(Gl)} (277 + 1)
— 4711M1(G1)F(G2) + 4”% {(ng — 1)M1(G2) - F(GQ) + M1<G2):| (2m1 + TLl)
+ 4[(n1 = )Mi(G1) = F(G1) + My(Gh)][(n2 — 1)My(Ga) — F(Ga) + My(Gh)]

+ Sming {Zml(nl 1) 4 2my — My (Gh)) (2Ma (15 — 1) + 2y — M1<G2)]
- 8711 (2ﬁl(n1 - 1) + 2m1 — M1(61>) ((n2 - 1)M1(G2) - F(GQ) + Ml(G2)>

- 8’/’LQ <2m2(n2 — ].) + 2m2 — Ml(GQ)) <(’I’L1 — ].)Ml(Gl) — F(Gl) + Ml(G1)> — 4n§M1(G1)
— 4H?M1(G2) — 4M1 (G1>M1 (Gg) — 32n1n2m1m2 -+ 16n1m1M1 (Gg) + 16n2M1(Gl)m2

Proof: Let G = G V Gy

2x DF(GivGa) = )] > de((z,u)(y,v))lde(z,u)* + da(y, v)*]

z,yeV(G1) wuweV(G2)

= Y {3 delww) o) ldote, w? +doly, v

z,yeV(G1) ~ uwweGa

£ Y dol(@u)(,v) ol ) + do(y, )]}

uvéGa

= Z Z dG((x7 U)(y, ’l}))[dG(l‘, u)2 + dG(ya U)Q]

z,y€V(G1) uwveG2

+ > > del(@ u)(y,v))lde(z,u)* + da(y, v)’]

z,yeV(G1) wvgGo

= > X dal(@u)(y,v))lde(z, v)* + da(y,v)’]

zyeG1  wweGs

XY del(e )y ) da(r, u)? + daly, o)

zygG1 wEGy

+ > Y dal(zu)(y,v)do(e, w) + da(y, v)?)

zyeG1  ww¢Ga
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+ > X del(@u)(y,v))lde(z,u)* + da(y, v)’]

zy¢G1  uwwgGe
= 03+01+02+C4,

where C3, (1, Cy and () are terms of the above sums taken in order.

We compute C, Cy, (3 and C} separately as follows:

Gy

= Z Z dG((x,u)(y,v))[dG(m,u)Q +dG(yvv)2]

ry¢ G weG2

=YY dolwu)? +doly )]

zy¢G1  wveG?

> X | (mdoy(@) + mdey(w) ~ da, (2)dau(w)” + (nada, () + mides (v

zy¢G1  wveG?

dal<y>da2<v>)2}
YOy { 2) + 2, (u) + d, (2)d3, (u) + 2ninade, (2)de, (u)

zyeGy UU¢G2

2nimade, (9)de (0) — 2m1de, (), (0) — 2nad, (9)des (0)

BY L (B@+ @) nt T T )+ d, o)

rygG1  wveGa zy¢G1  wveG?

> D ldg, (2)de, (u) + dé, (y)dg, (v)]

zy¢G1  wveG2

2n1ng Z Z dGl dGz )+dG1(y)dG2<U)]

zygG1  weGa

2ny Y. Y [dey (2)dg, () + d, (v)de, (y)]

ry¢G1 weGo

2y Y D [dg, (2)dey (u) + dé, (y)da, (v)]

zy¢G1  wveGa

D> ( )+ d, ) Sornd X1 Y [, () + d, ()

zy¢G1 uv€eGa ry¢G1 uv€Ga
Z [d2G1 Z d ‘I‘ 2711712 Z dG1 + dG1 Z d
zy¢G1 ucGa zy¢ G ueV(G1)
2n1 Y [day (@) +de,(y)] Y. dg,(w) —2n ) [dg, (@) I > dg,
zy¢ G ueV(Gr) zy¢Gh ueV(Gr)

n5(2[(n1 — 1)My(G1) — F(G1) + My(G1)])(2ma) + ni(2my 4 n1)2F (G2)
2(ny — 1)My(Gy) — F(Gy) + My (G1)]F(Ga) + 2n1ms (2[2m1(n1 _1)

21
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2m1 - Ml(Gl)]>M1(G2> - 2n1(2[2m1(n1 - 1) + 2m1 - Ml(él)])F(Gg)
2n5(2[(ny — 1) My(G1) — F(G1) + Mi(G1)]) (My(Ga))
> > do((,u)(y,v)lde (@, u)* + da(y, v)?]

zy€G1  wvéGa

> 2 lda(w,u)* +daly, v)’]

xyeG1  uvéGe

S % [(nade ) + mdes(w) — doy (2)de () + (nade () + made, (0

zy€G1  wvéGo

e, (1))

DS {ngdgl (@) + n2d2, (u) + d2 (2)d2, () + 2ninade, (2)dey ()

zyeG1  wvéGa

2n1de, (2)dg, (w) — 2n2dg, (¥)de, (u) + n3dd, (y) + nidg, (v) + dé, (y)dg, (v)

2ninadg, (y)da,(v) — 2n1dg, (y)d2G2(v) — 2n2d2Gl(y)dG2 (v)}

Y Y (@) ent XS (i) + )

zyeG1  wvéGa zye€G1  wvéGa

> D ldg, (2)de, (u) + dé, (y)dé, (v)]

ry€eGy UU¢G2

e Y Y ldey (2)dey (u) + e (4)de, (v)]

zyeG1  wwéGa

2n Y. Y [de, (z)dg, (v) + d, (v)de, (y)]

zyeG1  wvgGa

2y Y, Y g, (w)de, (u) + dg, (y)de, (v)]

zyeG1) wvgGa

Y (@)1 dk @) X 1anl X1 Y [, () + d, (o)

zy€eGy wvéGa ryeGy wvéGa
Y dg(x) Y [de, (u) + dg, ()] +2mny Y day () Y [da,(u) + da, (v)]
zy€eGy uvgGa ryeG1 uv¢G2
2n1 Y do(x) Y [de,(u) +dg, (v)] = 2ne Y dg (x) Y [day(u) + de,(v)]
ryeGy uvgGa zyeG1 uvgGa
g (i @) +d ) ( 2 1)
myEGl ’LL’U¢G2
nt > 1 Y g, (w) +dg, ()] + Y0 dg(x) Y (g, (u) +dg, (v)]
xyeGy uvgGa z€V(Gr) uwgGa

2mny D dg, (@) D [dey(u) +da,(v)] —2m0 Yo dg,(x) Y [de, (u) + dg, (v)]

z€V(G1) uwwgGa zeV(G1) uwwgGa
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2ny Y dg,(7) Y lday(u) +de, (v)]

z€V(G1) uwgGa
M2 (G)) (2 + )+ i (2mn) (2(ma = 1M (Go) — F(G) + Ma(Ga)))
2[(n2 = 1)My(G2) — F(Ga) + My(G2)IF(Gh)
21 M(G1)2| 2 — 1) + 2ma — Mi(G)

2711M1(G1) (2[(712 - 1>M1(G2> - F<G2) + MI(GQ)])
2n2F(G1)<2[2m2(n2 —1)+2my — Ml(G2)])
S Y dolw )y 0))ldele u + da(y, v

zyeG1) wveGe)

> 2 lda(z,u)* + daly, v)’]

zyeGr  wveGs

> X [(”2%‘1 )+ nida, (u) — d, (2)de, (u))

ryeG1  weG>

ey (1)de (v))'|

2

+ (n2dGl (y) + nide, (v)

S X | (o) ndd () + (), () + 2nimade, (), (0

xyeGr  wveG?

21, ()%, (0) — 22 () () + i, (y) + 3, (0) + d, (), (0)
2numada, (9)da (0) — 2n1da, ()i, (0) — 2nad, (9)das (0)

Y Y (B@r&m)in T T [0+ )

ry€E(G1) weE(G2) ry€E(G1) weE(G2)

> 2 ldg, (2)de, (w) + dg, (y)de, (v)]

2y€E(G1) weE(G2)

2niny Z Z [dGl (x)dCh (U’) + dGl (y)dGz (U>]

zyeFE(G1) weE(G2)

2y ) > lde,(2)dg, (u) + dé, (v)de, (v)]

zyeFE(G1) weE(G2)

2ny Y > de, (x)da, (u) + dg, (y)da, (v)]

zyeFE(G1) weE(G2)

Y (B@+@w) T 1an X1 X (i) + )

zy€E(G1) weE(Ga) ryeGy uv€Ga
> de,(2) D 1dG, () +dg, (v)] + 2mane D [de, (2) +de, (y)] D dg,
zy€eGy uvEGa zyeGy u€G2

2n1 Y [da, () +da, (y)] D dg,(u) —2no > [dg, (x) + dg, (v)] D di,

zyeGy ueGa zyeGy ueGa

23
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n3(2F(G1))2mg + ni(2my)(2F(Gy)) + 2F(G1) F(Gs) + 2n1n9(2M,(G1)) M, (Gs)
2n1(2M1(G1))(F(Ga)) — 2n9(2F(G1)) (M1(G2))
> > dal(wu)(y,v)[de(x, u)? + da(y, v)’]

zy¢G1  wwigGa

> > del(z,u)(y, v)lde(z,u)* + da(y, v)’]

2y¢G1 uwwgGauFtv

> de((@,u)(y, v)de((x, u)(y, v))lde(z, w)* + da(y, 0)2]}

uwwgGa,u=v

> > do((z,u)(y, v)lda(z,u)* + da(y, v)’]

zy¢G1  wgGa,u#v

> > da((z,u)(y, v)lda(z,u)* + da(y, v)’]

2y¢G1  wwé¢Ga,u=v

> > do((z,u)(y, v)lda(z,u)* + da(y, v)’]

ry¢Gr,x#y  wgGa,utv

> > de((z,u)(y,v)lda(w,u)* + da(y, v)’]

2y¢Gr,e=y wg¢Ga,utv

> > do((z,u)(y, v)lda(z, u)* + da(y, v)’]

zy¢Gi,xty  uwwgGau=v

> > de((z,u)(y,v)lda(z,u)* + daly, v)’]

zy¢Gr,e=y w¢Ga,u=v

2> Y Y [daleu)? + daly, )

2y¢ G122y wgGautv
2 Y Y (dolew? +daly, o)

2y¢Gr,e=y wgGa,uv

2 > > lde(z,w)® +da(y,v)*] +0
2y¢Gi,xty  wgGa,u=v

2 Z Z [dg(lL‘,U)Q +dG(yvv)2]

wy¢Grazty  wv¢Gautv

2 Y Y lda(ww)’ + daly, o))

2y¢Gr,e=y wgGa,utv

2 Z Z [dc(l‘,u>2 +dG(y7v)2]

oy¢Chraty  uvgGau=v

2 > > lda(z. ) +da(y,v)’]

2y¢Gie=y uwvgGau=v

2 Z Z [dG(I7u>2 +dG(y’U)2]

ry¢Giae=y uwiGau=v

23 Y [do(z,u)’ + da(y,v)’]

2y¢G1  uwwgGa
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2 Y > ldo(z,u)? + de(y,v)?]

2y¢Gi,e=y wvgGau=v

= 2C5 — 2Cg, where (5 and Cy are terms of the above sums taken in order.

= > > lda(z,u)® +da(y,v)?]

zy¢G1  wiGo

25

> % | (nedes(0) + mda(w) - doy (@), () + (made, (9) + mada(0)

zy¢G1  wg(Ga

ey (1) @)ﬂ

VDY { 2) 3B (u) + & (2)d2, (u) + 2ninade, (2)do, (u)

zy¢G1  wgGa
2nyde, (2)dg, (u) — 2n9dg, (x)da, (u) + nydé, (y) + nidg, (v) + de, (y)dé, (v)

+ 2mumade, ()das (v) — 2de, (1), (0) — 220, () dey (0)]

- B Y T (B@rEw) 0 S T W) + )

zy¢G1  uwvgGa 2y¢G1  wwigGa

+ X X 4G, (@)de, (u) + dE, (y)dg, (v)]

zy¢G1  wvéGa)

—+ 2n1n2 Z Z dGl dGz )+dG1(y)dG2<U)]

zy¢G1  uwwgGo

2ne Y Y lde, (2)dg, (u) + dg, (v)de, (y)]

zy¢G1  wgGa

2ny Y. Y [dE (x)de, (u) + dE, (y)de, (v)]

zy¢G1  wwéGa

i (@) +dk ) X 14l S0 Y [, () + d, (o)

zy¢G1 uvgGo zy¢G1 uvgGa

> dg (@) X0 de,(w)+ Y de,(y) 0 de,(v)

zy¢G1 wvéGa) 2y¢ Gy uv¢Ga)

2| ¥ doy(@) X dau(u) + Y dey(y) X da(v)]

zy¢G1 uvgGa zy¢G1 uvé¢Ga

| ¥ do(w) X dt)+ Y ) Y de(w)

zy¢G1 uvgGa wvéGa zy¢G1

| X @) X daw+ X di) Y dav)]

zy¢G1 uvgGa zy¢G1 uvéGa

n22 {(n1 _DM(Gh) — F(GY) + Ml(ca)} (2735 + 1)
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+ 22 {(w — )M (Gy) — F(Gs) + Ml(Gg)} (27, + m1)

b2 {(m _DM(Gh) — F(GY) + Ml(c:l)} {(n2 )My (Ga) — F(G) + Ml(Gg)]
b 2nms [2(2m1(n1 — 1) + 2my — My (Gh)) (27a (15 — 1) + 2 — Ml(GQ))]

~ o, [2(2m1(n1 — 1) 4 2my — My(G))((ns — 1)M:(Ga) — F(G) + MI(GQ))}
~ om, [2(2m2(n2 1)+ 2m — My(Go)) (1 — DML(Gy) — F(Gh) + M1<G1))}
= > > lde(w,u)® +da(y, v)?]

2y¢Gi, 2=y wwé¢Ga,u=v

= Z Z [(nQdGl (l’) + nldG2 (u) - dGl <x>dG2 (u))2 + (nQdGl (y) + nldGz (U)
zy¢Gr,z=y wvé(Ga,u=v

— e, (9)dc,(v))

=YY [ + i, () + (@), () + 2mmada, () (1)

zy¢Gi,z=y wwéGa,u=v

4 2minade, (v)da, (0) — 2mde, (), (0) — 2o, () e, (o)

- Y Y (B@rde)n XY )+ d, )

zy¢Gr, 2=y wwéGa,u=v ry¢Gr,z=y wvgGa,u=v
+ > Y g, (2)dg, (w) + dg, (y)dE, (v)]
zy¢Gr,z=y wwéGa,u=v
2miny Y Y ldo,(z)da,(u) + da, (y)da, (v)]
2y¢Gr,z=y wvé¢Ga,u=v
2np ) > lde (2)dg, (u) + dg, (v)de, (y)]
2y¢Gr,z=y wwé¢Ga,u=v
2n2 Z Z [dél (x)dGz (U) + d%ﬁ (y)dG2 (U)]

ry¢Gr,z=y wwé¢Ga,u=v

Y (B@dw) X tent X1 Y (@) + )

zy¢Gi,x=y wv¢Ga, u=v zy¢ G, x=y uww¢Ga, u=v
Yoo dg(x) Y dg,(w)+ Y dg(y) Y. dg,(v)
ry¢G1,x=y uww¢Ga, u=v 2y¢ G, z=y uww¢Ga,, u=v

| Y da@ Y da+ Y da) Y da)]

2y¢G1,z=y w¢Ga, u=v 2y¢G1,z=y w¢Ga, u=v
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| Y dal) Y &+ Y @0 Y da®)

zy¢Gi,xz=y uww¢Ga, u=v uwv¢Ga, u=v zy¢ G, x=y
| Y B0 Y dewt Y R0 Y da)]
zy¢Gi,xz=y uww¢Ga, u=v zy¢ G, x=y uww¢Ga, u=v

ng(QMl(Gl))ng + n%(2M1(G2))n1 -+ 2M1 (Gl)Ml (Gg) + 2711712 2(2m1)(2m2)
2ny 2(2mq) My (G2) — 2ng 2M1(G1)(2ms)

22X DFE(GLVGe) =C34+Cr+Cy+Cy=Cs5+ Cy + Cy+ 2C5 — 2C5 (2)
Substituting C3, Cy, Cy, Cs and Cg in (2), the desired result follows after simple cal-
culation. B
2.6 Symmetric difference

In the following theorem, we obtain the distance version of F- index of the symmetric

difference of two graphs.

Theorem 2.18. The distance version of F'— index of G; ® G5 is given by 2x DDF (G &

Gs)

+ o+ o+ o+

4(n3ma + 2F(Ga) — 2nyMy(Ga) ) [(n1 — )My (Gh) — F(Gh) + Mi(Gh)]
4(nimy +2F(G1) — 2m My (Gh)) [(na — 1) M (Ga) — F(Ga) + My(G)]
203 (2, + n1) F(Ga) + 4ny (noMi(Go) — 2F(Ga) ) |2 (ny — 1) + 2my — My (Gh))|
2n3(2702 + 12) F(Gh) + 4na (ny My (Gy) — 2F(G1)) [22(nz — 1) + 2ma — My (G)]
83 (Gh)mg + 8nim  F(Gy) + 16 F(G1) F(Ga) + 8nina My (G1) M, (Gs)

16n2F(G1)M1(G2) + 4”2 |:<TL1 - 1)M1(G1) (G1 + M1 G1> ng + TLQ

16n, M, (G1) F(Ga) + 403 [(ny — 1)My(Ga) — F(Ga) + M ( GQ)} (2, + m1)
16](ny — 1)My(G1) = F(G1) + My(Gh)| [(n2 — 1)Mi(Ga) — F(Ga) + My(G)]

+ 8TL1’)’LQ [le(nl - 1) + le - Ml(él))(sz(’rLg - 1) + 2m2 — Ml(GQ):|

— 16n (21 (n1 — 1) + 2my — My(G1)) ((n2 — 1) My (G2) — F(Ga) + Ml(G2)>
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— 16”2 Q(QWQ(TLQ — 1) + 2m2 — Ml(ég))((nl — 1)M1(G1) — F(Gl) + Ml(G1>)
— 4H§M1(G1) — 4H?M1(G2) — 16M1(G1)M1(G2) — 32n1n2m1m2
-+ 32n1m1M1(G2) -+ 32n2M1(G1)m2

Proof: Let G = G; @ Go

2X DF(G1® Gs) = Z Z de((x,u)(y, v))[dg(a:,u)2 + da(y, v)Q]
x,yEV(Gl) U,UGV(GQ)

= ¥ { ol 0)ldee,w)? + daly. o))

z,y€V(G1) ~ uwweGa

b dole )y 0)dolew)? +doly. 0]}
uvgGa

= > del(@,u)(y,v))lde(z,u)* + da(y, v)’]

z,yeV(G1) wveGs

+ Z Z dG((I’u)(yav))[dG(xvu)Q+dG(y7U)2]

z,yeV(G1) wvgGo

= > > del(zu)(y,v))lde(w,u)* + da(y,v)’]

zyeG1  uwveGsa

+ > X del(@u)(y,v))lde(z,u)* + da(y, v)’]

zy¢G1  wveG?

+ Y Y del(@ )y, v)lda(,u) + daly, v)?)

zy€G1  uwvéGo

+ > X del(@u)(y,v))lde(z,u)* + da(y, v)’]

zy¢G1  uwwigGa
= B3+ Bi+ By + By,

where Bs, By, B, and B, are terms of the above sums taken in order. We compute
By, By, B3 and B, separately.
By o= > > da((z,u)(y,v)lda(z, u)* + da(y, v)*]

zygG1  weGy

= >3 ldolw,w)? +da(y,v)’]

zy¢G1  wveG2

= Y% [(neday() + mide,(w) — 24, (2)da () + (nade, () + e, (0)

zy¢G1  wveG2

- 2d0,(y)de(v))

= XX [nd, @), () + 4, (o), () + 2numade, (o) dou (o)

zyeG1  wwéGa
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Annda, (2)d, (u) — Anady (2)dos (u) + 3, (y) + i, (0) + 2, (9)d2, (0
2numada, (9)de (0) — Anida, (), (0) — Anad, (9)des (0)

C YD S (N ORRUA) EXT SRS O R ORTAD)

zyg€G1  wweGa zy¢G1  wveG?

43 X ldg, (2)de, (u) + dg, (y)dg, (v)]

zy¢G1  uwveG2

2niny Z Z dG1 dGz )+dG1(y)dG2(U)]

2ygG1  weGa

dng Do Y lda, (2)dg, (u) + dg, (v)de, (y)]

ry¢ G weG2

dny Y Y g, (w)de, (u) + dg, (y)de, (v)]

zy¢G1  wveG?

S (@ @+, w) X et X1 Y () + d,(0)

zy¢G1 uv€Ga ry¢G1 uv€Ga
4 (e, () +dg, ()] D d, () +2nins Y [da, (2) +de,(y)] D dg,(u)
xy¢ G u€Ga ry¢G1 ueV(Gr)
dny Y dey(2) +day(y)] Do dg,(uw) —4ng Y [dg, (2) +dg,(y)] > dg,
xy¢G1 uGV(Gl) Iy¢G1 UEV Gl)

n5(2[(n1 — 1)My(G1) — F(G1) + My(G1)])(2ma) + ni(2my 4 n1)2F (G2)
8[(n1 — 1)Mi(G1) — F(Gy) + Mi(G1)]F(Gs) + 2n1ns (z[zm1 (n1 — 1)

2my — Ml(Gl)]>M1(G2) — dny (2027 (1 — 1) + 2my — M(Ga)]) F(Ga)
4ny(2[(n1 — 1)Mi(G1) — F(G1) + Mi(G1)])(M1(Go))
Yo > da((x,u)(y, v)[da(z, u)* + daly, v)?]

xyeG1  uwvéGa

> D lda(z,u)* + daly, v)’]

zyeG1  wwéGa

> X [(nzd@(x) + mdgy (1) = 2dc, (2)da, (u) + (nada, (v) + mde, (v)

zyeG1  wwéGa

2, (4)dcs (v)’|

DS [n%dél(x) + 22, (u) + 42, (2)d2, (u) + 2ninade, (x)dey (1)

zy€G1  wvgGa

dnyde, (2)dg, (u) — Anadgy, (x)da, (u) + n3dg, (y) + nidg, (v) + 4dé, (y)dé, (v)
2ninade, (y)de, (v) — 4nide, (y)dé, (v) — Anadg, (y)de, (v)
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B YN (@)t XS () + d, )

zyeG1  wwéGa zy€G1  wvéGe

4> X lde, (2)de, (u) + dg, (y)de, (v)]

zyeGy uvéGg

2nany Y ) [dey(2)dey (u) + day (y)de, (v)]

zy€G1  wwéGa

dng Do D) lde, (2)dg, (u) + dg, (v)de, (y)]

zye€G1  uwv¢Ga

dny Yo Y [dg, (w)da, (u) + dg, (y)de, (v)]

2yeG1) wvgGa

S (B @+ w) X 1nt X1 Y () + d, (o)

ryeGy uvéGa ryeGy uvgGa
4% de (x) Y [dg, () + dg, (0)] +2mng Y day () Y [da,(u) + de, (v)]
ry€Gy uwvéGa zy€eGy uvg¢Ga
dny Yy da, () Y e, (u) +dg,(v)] —dny Y dg (x) Y [day(u) + da, (v)]
zy€eGy uvéGa ry€eG1 uv¢Ga
S (d @) +d ) ( 2 1)
zyeGy u’U%GQ
nt Yo 1 Y [dg,(u) +dg, (v)] +4 dé () D [dg, (uw) + dg, (v)]
xyeGy uvgGa z€V(G1) uvgGa
2niny Y dg,(z) Y [doy(u) +da, (v)] —4na Y dg,(x) D [dg, (u) + dg, (v)]
z€V(G1) uvgGa z€V(G1) uwgGa
dny Yo dg(z) Y [day(u) + da,(v)]
zeV(Gr) uvg¢Ga

)
2 x 4(ny — 1) M, (Ga) — F(Gs) + M, (Go)]F(G1)
2n1n2M1(G1)2{2m2(n2 — 1) + 2m2 — Ml(%)]
(

4ny M, (Gy) (2[(n2 — 1)My(G) — F(G2) + M, Ga)])
4n2F(G1)<2[2m2(n2 —1) 4 2my — Ml(Gz)])
Yoo > dal(zu)(y,v))|da(z,w)? + da(y, v)?)

zy€G1) wveG2)

2> > da(z,u)? +da(y,v)?]

zyeG1  uwveGsa

23 % |(nada (o) + nada, (u) — 2de, (0)dau () + (nade, (9) + mada (0

ryeG1  uwveGsa
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2de, (y)day (v )]

2% % [nddd, (o) 4 ndd, () + 4d, (), () + 2nimade, (2)doa (0

zyeG1  uwveGsa

Anuda, (o), (u) — Anady (2)dos (u) + 3, (y) + 3, (0) + 42, (9)dE, (0
2numadg, (9)de (0) — Anida, (), (0) — Anad, (9)des (0)

0 ¥ Y (B@+EW) T Y )+ d,0)

zy€E(G1) weE(G2) ryeE(G1) weE(Ge)

403 X LG, (2)de, (u) + dé, (y)dg, (v)]

ry€E(G1) weE(G2)

2many ) > lde (@)de, (u) + de, (y)de, (v)]

xyGE(Gl) ’U,UEE(GQ)

dny Y Y. lde (2)dg, (u) + dg, (v)de, (y)]

zyeE(G1) w€eE(G2)

e Y [ @) + &, (1)de, (0)]

2yeE(G1) w€eE(G2)

20 ¥ (@) X et ¥ 1Y [, w) +d, )

zy€E(G1) weF(G2) ryeG1 uwveGa
43 dél(x) > [dQGZ(u)—i-d2 (V)] + 2niny Y [de, () + de, (v)] D déQ(u)
zyeGy uveGa zyeGy ueGa
iy Y [doy (@) +dey ()] 3 2, (u) — dny 3 [d () £ d% (9)] 3 dg2<u)]
zy€eGy u€Ga zy€Gy u€Ga

2 {n%(ZF(Gl))QmQ +n2(2m1) (2F(Gy)) + 2 x 4F(G1)F(Ga) + 2nine(2M1(G1)) M1 (G)
dny (2M,(GL))(F(G2)) — 4”2(2F(G1))(M1(G2))}
YooY de((zu)(y, v)da(z, u)? + da(y, v)*]

zy¢G1  uwwgGa

S { X doltw )y e)ldete w? + doly, o)

2y¢G1 uvgGa, uFtv

> dol(@u)ly, 0)da(, w)(y. o)) dae,w)? + dely, o))}

uwwgGa,u=v

> > dal(z,u)(y, v)lde(z,u)* + do(y, v)’]

ry¢G1  wwgGautv

> > dal(z,u)(y, v)lde(z,u)* + do(y, v)’]

zy¢G1  wgGa,u=v
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> > da((z,u)(y, v)lda(z,u)* + da(y, v)’]

ry¢Gr,x#4y  wgGautv

> > do((z,u)(y, v)lda(z,u)* + da(y, v)’]

zy¢Gi,o=y wwgGa,utv

> > dal(z,u)(y, v)lde(z,u)* + do(y, v)’]

ey¢Graty uwgGau=v

> > dal(z,u)(y, v)lde(z,u)* + do(y, v)’]

ry¢Gia=y uwwéGa,u=v

2 > > [de(z,u)® + da(y, v)?]

ry¢Gr,x#y  uw¢Ga,utv

2 Y Y (e w)? +daly, )

ry¢Gi,o=y wvgGa,utv

2 > > [de(z,u)® +daly, v)*] 4+ 0

ry¢Gi,o#y  uwgGa,u=v
2 > Y lda(z,u)® + da(y,v)?]
ry¢Gi,x#4y  wgGa,utv
> Y Y (ol w? + daly, )

zy¢Gi,o=y uwvgGa,u#tv

2 Y Y e’ + daly. o))

ry¢Gr,x#y  wgGa,u=v

2 Z Z [dg(l’, U)2 + dG(ya U>2]

zy¢Gi,o=y wvgGa,u=v

2 Y Y e’ + daly. o))

2y¢Gi,e=y uwvgGa,u=v

2 Z Z [dG(a:,u)2—|—dg(y,v)2]

zy¢G1  wwéGa

2 > > lda(z.uw)® +da(y,v)?]

zy¢Gr,e=y uwvgGau=v

2B5 — 2Bg, where B; and Bg are terms of the above sums taken in order.

> D lde(z,u)® +da(y, v)’]

zy¢G1  uwwgGa

POEEDD

zy¢G1  uwvg(Ga

25, (y)dc. ()]

S X | (o) i, () + 42, (o), () + 2namadg, () da (u)
ry¢G1  wwgGo

dnide, (v)dé, (u) — Anadg, (v)de, (u) + nade, (y) + nide, (v) + 4dg, (y)dg, (v)

(ngdgl + nldGQ( ) 2dG1 (l‘)dGQ (u))2 + <n2dG1 (y) + nldG2 (U)
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2manade, (y)de, (v) — dnide, (y)d2, (v) — dnad2, (y)de, (v)}

Y Y (B@r ) nt S Y )+ b, o)

2y¢G1  uwwgGa zy¢G1  uwwgGa

4> Y lde,(2)dg, (u) + dg, (v)de, (v)]

zy¢G1  wwgGa)

2n1ny Z Z dGl dG2 )+dG1(y)dG2(v>]
zy¢dG1  wgGa

dny Yo > [de, (2)dg, (u) + dg, (v)de, (y)]
2y¢G1  uwwgGa

dng Y >0 [dg (x)dg, (u) + di, (y)de, (v)]

zy¢G1  uwwgGa

2 Y (dél )+ 2, (y ) S 10t 1Y (@, (u) + d2 (v)

ry¢G1 uvéGa ry¢G1 uvéGa
Ax4 Yy dg(x) Y dg,(w)+ Y dg(y) Y dg,(v)
zy¢G1 uvgGa) ry¢ G uvé¢Ga)
2”1”2[ Yo da(z) Y da,(w)+ Y dai(y) Y dGQ(U)]
zy¢G1 uvg¢Ga zy¢G1 uwvéGa
2x4n1{ Soode(z) > di(w)+ D de(v) D dcl(y)}
ry¢ G wvéGa uvgGa ry¢ G

2xdm| X d(@) X da(w)+ X dE () X dou(0)

ry¢G1 wvéGa ry¢G1 uv¢Ga
n22 {(n1 CDM(GY) — F(Gy) + Ml(Gl)] (273 + na)
22 {(n2 )My (Ga) — F(G) + Ml(Gg)] (21 + 1)

2 x4

2711712 [2(27711(”1 — 1) + 2m1 — Ml(él>>(2m2(n2 — ].) + 2m2 — M1<G2)):|
4TL1 {2(27711(711 — 1) + 2m1 — Ml(él))((ng — 1)M1(G2) — F(Gg) + Ml(GQ)):|

dns {Z(ng(ng — 1) 4 2my — My (@) (1 — DM(Gh) — F(Gy) + Ml(Gl))}

> > lde(z,w)* +da(y,v)’]

zy¢Gi,z=y wvé¢Ga,u=v

> > [(nzdcl (x) + mde, (u) — 2de, (2)de, (U))2

ry¢Gr, o=y wg(Gz,u=v

33

(m1 = DM(GY) = F(G1) + Mi(G)| | (n2 = DA(G) = F(Ga) + Mi(Ga)|
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+ (nzdc’l (y) + TL1dG2 (U) - 2dG1 <y)dG2 (U))?

- ¥ 3 {n%dél (2) + n2d2, (u) + 4d2, (2)d2,, (u) + 2n1made, (2)de, (u)

zy¢Gr, 2=y wwé¢Ga,u=v
— dnde, (2)dg, (u) — 4nadg, (v)da, (v) +ndg, (y) + nide, (v) + 4dg, (y)dg, (v)

+ 2nynodg, (y)de, (v) — 4nydg, (y)dQGQ(v) — 4n2dél (y)da, (U)]

- Y Y (B@rdw) e XY [, +d,0)

ry¢Gi,z=y w¢Ga,u=v ry¢Gr,r=y wg¢Ga,u=v

+ 4 ) > g, (2)de, (u) + dé, (y)de, (v)]

zy¢Gr,e=y wwgGa,u=v

—+ 2721712 Z Z [dG1 (I)dGz (u) + dG1 (y)dGQ (U)]

vy¢Gr,z=y uv¢Ga,u=v

ST Yo de (2)de, (u) + d, (v)de, ()]

zy¢Gr,z=y wwgGa,u=v

— dny Y Yoo [dg, (x)da, (w) + d, (y)da, (v)]

zy¢Gi, 2=y wwéGa,u=v

- Y (B@+dm) X o1+n Y1 Y [+ )

zy¢Gi,z=y uvgGa, u=v ry¢G1, =y uww¢Ga, u=v

+ 4 X dg (@) > g+ Y de(y) > dg,(v)

xy¢ G, z=y wwgGa, u=v 2y¢Gr,x=y wvgGa,, u=v

foom ¥ e Y dat Y da) X da)

2y¢ G, z=y uww¢Ga, u=v 2y¢ G, xz=y uww¢Ga, u=v

[ Y dal) Y B Y B0 Y dab)

2y¢ G, z=y uww¢Ga, u=v uwv¢Ga, u=v zy¢ G, x=y

~ | Y R0 Y da@+ Y ) Y da)]

2y¢Gi,z=y uww¢Ga, u=v zy¢ G, =y uww¢Ga, u=v
= ng(QMl(Gl))ng + n%(QMl(GQ))nl + 2 X 4M1(Gl)M1(G2) + 2711712 Q(le)(ng)

- 4711 2(27711)M1(G2) - 4712 2M1(G1)(2m2)
C.2 X DF(Gl@G2> :Bg—l—Bl+B2+B4:B3+Bl+BQ+QB5—2B6 (3)

Substituting B3, Bi, Bs, Bs and Bg in (3), the desired result follows after simple cal-

culation. m
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