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Abstract

In this paper, we provide the exact values of the Gutman index of join, com-

position, disjunction and symmetric difference of two graphs.
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1 Introduction

All graphs considered are simple and connected graphs. We denote the vertex and the
edge set of a graph G by V(G) and E(G), respectively. dg(v) denotes the degree of a
vertex v in G. The number of elements in the vertex set of a graph G is called the order
of G and is denoted by v(G). The number of elements in the edge set of a graph G is
called the size of G and is denoted by e(G). A graph with order n and size m edges is
called a (n, m)-graph. For any u,v € V(G), the distance between u and v in G, denoted
by d(u,v), is the length of a shortest (u,v)-path in G. The edge connecting the vertices

u and v will be denoted by uv. The complement of a graph G is denoted by G.
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A topological index of a graph is a parameter related to the graph, it does not depend
on labeling or pictorial representation of the graph. In theoretical chemistry, molecular
structure descriptors (also called topological indices) are used for modeling physicochemi-
cal, pharmacological, toxicological, biological and other properties of chemical compounds
[4]. Several types of such indices exist, expecially those based on vertex and edge dis-
tance. One of the most intensively studied topological indices is the Wiener index. The
Wiener index [8] is one of the oldest molecular graph based structure descriptors|7]. Its

chemical applications and Mathematical properties are well studied in [1].

The join of graphs G; and G5 is denoted by G714+ G2, and it is the graph with vertex set
V(G1) UV (G2) and the edge set E(G1 + G2) = E(G1) U E(Gs) U{uuz|uy € V(G1),uq €
V(G9)}. The composition of graphs G; and G is denoted by G4[G3], and it is the graph
with vertex set V(G1) x V(G3), and two vertices u = (ug, uz) and v = (v, v9) are adjacent
if (uy is adjacent to vy) or (u; = vy and ug and vy are adjacent). The disjunction of graphs
G1 and Gy is denoted by G V Gq, and it is the graph with vertex set V(G;) x V(Gy)
and E(G1 V Gg) = {(u1,u2)(vi,v2)|ujv; € E(Gy) or ugve € E(G9)}. The symmetric
difference of graphs GG and G5 is denoted by G & G, and it is the graph with vertex set
V(G1)xV(Gy) and edge set E(G18G3) = {(u1, uz)(v1, v2)|ujv; € E(Gy) or ugve € E(Gy)
but not both }.

Let G be a connected graph. The Wiener index W (G) of a graph G is defined as

WG = Y de(u,v) = ; > de(u,v).

{u,v}CV(G) u,veV(G)

Dobrynin and Kochetova[2] and Gutman[5] independently presented a vertex -degree-
Weighted version of Wiener index called degree distance or Schultz molecular topological

index, which is defined for a connected graph G as

DD(@) - }Z( )dG(u,v)[dG(u)—i—dG(v)] :; Z( )dG(u,v)[dG(u)—i—dG(v)].
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The Gutman index of a connected graph G, denoted by Gut(G), is defined as

Gut(G)= Y. dg(u,v)dg(u)dg(v) = ; > de(u,v)dg(w)de(v)
{u}CV(G) u,weV(G)

with the summation runs over all ordered pairs of vertices of G.

The Zagreb indices have been introduced more than thirty years ago by Gutman and

Trianjestic [6]. The first Zagreb index M;(G) of a graph G is defined as

M(G) = > lde(u)+da()]= > dg(v).

weB(G) veV(Q)

The second Zagreb index Ms(G) of a graph G is defined as

My(G)= Y de(u)da(v).

weE(G)

The first Zagreb coindex M(G) of a graph G is defined as

Ml(G) = Z [d(;(u) + dg(v)]
wé¢E(G)

The second Zagreb coindex Mo(G) of a graph G is defined as

My(G)= Y de(u)da(v).
wéE(G)

The Zagreb indices are found to have applications in QSPR and QSAR studies as well,
see [3].

In this paper, we present some exact expressions for the Gutman index of different

graph operations join, composition, disjunction and symmetric difference of two graphs.

2 Basic Lemmas

Lemma 2.1. Let G; and G5 be two simple connected graphs. The number of vertices

and edges of graph (G; is denoted by n; and e; respectively for ¢ = 1,2. Then we have
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1, wve€ E(Gy) oruw € E(Gy) or (u € V(Gy) and v € V(G3))

2, otherwise

dG1+G2 (U, U) = {

For a vertex u of G, dg,+¢,(u) = dg,(u) + ns, and for a vertex v of Gy,dg,+q,(v) =
dea,(v) + ny.
2.

dcl(U1,U2), Uy 7 Us
dG1[G2]((U17'Ul)7 (ug,v2)) = {1, U = Uz, v1v2 € E(Gy)

2, otherwise

dG’l[Gz} (u> U) = nZdGl (u) + dG2 (U)

1, wuy € E(Gy) or vive € E(Gs)

2, otherwise

deyva, ((ur, v1), (ug, v9)) = {

dGl\/G2<<u’ U)) = n2dG1 (U,) + nldGz (U> - dGl (u)dG2 (U)

1, wuy € E(Gy) or vyvy € E(G3) but not both

2, otherwise

deioc, ((u1,v1), (uz,v2)) = {

dG1®G2 ((u7 U)) = nQdG1 (U) + nldGQ (U) - 2dG1 (u)dG2 (U)

Remark 2.2. For a graph G, let A(G) = {(z,y) € V(G)xV(G) | z and y are adjacent in
G} and let B(G) = {(z,y) € V(G)xV(G) | x and y are not adjacent in G}. For each x €
V(G), (z,x) € B(G). Clearly, A(G)U B(G) =V (G) x V(G). Let C(G) = {(z,z) |z €
V(@)} and D(G) = B(G) — C(G). Clearly B(G) = C(G) U D(G), C(G) N D(G) = 0.
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The summation Y. runs over the ordered pairs of A(G). For simplicity, we write

(z,y)€A(G)
the summation Y as >, . Similarly, we write the summation > as y, .
(z,y)€A(G) ryeG (z,y)€B(Q) zy¢G
Also the summation >  runs over the edges of G. We denote the summation >
zyeE(G) z,yeV(G)
by > . The summation > eqgivalent to > and similarly the summation
z,yc€G (z,y)eD(G) zy¢G,x#y
> eqgivalent to > .
(z,y)€C(G) wy¢G o=y

Lemma 2.3. Let G be a graph. Then

> 1=2¢(G)

zyeG

Proof:
Yo1=2 Y 1=2¢G)
zyeG ryeE(G)

Lemma 2.4.

Proof: Let z € V(G) and t = dg(z). Let y1,¥92,...y; be the neighbours of x. Each
orderd pair (z,y;), 1 < i < t, contributes dg(z) to the sum. Thus these orderd pairs

contribute d%(z) to the sum. Hence

> da(r) = dg(r) = Mi(G)

zyeG zeV(G)

Lemma 2.5.

> da(z)da(y) = 2M(G)

zyeG

Proof: Clearly,

Y do(n)daly) =2 Y dale)de(y) = 2M(G).

2yeG zy€eE(G)
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Lemma 2.6.

S 1= 2¢(G) +0(G)

zy¢G

Proof:
= > 1+ > 1
zy¢G (z,y)€D(Q) (z,2)eC(Q)

= 2¢(C) +v(G)

Lemma 2.7.

zy¢G (z,y)eD(Q) (z,2)eC(Q)
- ¥ {u@-1-dGw} + T delw)
(z,y)eD(Q) (z,2)eC(G)
= (W@ -1) Y 1- > dgla)+2e(G)
(z.y)eD(G) (z.y)eD(G)

= (v(G)—1)2¢(G) — Z dz =(7) + 2e(G)
(z,9)€A(G)

= (v(G) = 1)2e(G) — > dx(z) +2e(G)
zyeG

= 2(0)(0(G) — 1) + 2¢(G) — My (G)

S dg(x = 9M0(G) + My(G)

> de(r)dely) = > de(@)de(y)+ 3. de(r)da(x)

zy¢G (z,y)eD(G) (z,2)eC(G)
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= 2 Y de(@)de(y)+ Y. di(a

xy%E QG) zeV(Q)

Lemma 2.9.

Y do(z) = (v(G) = 1)2¢(G) — My(G)
ry¢G,a#y

Proof:

Z dg(x) = Z [V(G) — 1 —dg(x)]dg(x)

zy¢Ga#y IEV(G)

= ) Y delr)— Y. dilx

zeV(Q) zeV(G)

= (v(G) = 1)2¢(G) = My (G)

Lemma 2.10.

S 1= (@) - Du(G) — 2(G)

ryg G aty
Proof:

> 1= @) -1-dg()]

zy¢Ga#y zeV(Q)

= W@ -1 > 1= > dq(x)

zeV(G) z€V(G)

= (0(G) = Do(G) = 2¢(G)

The Zagreb indices and Zagreb coindices, in particular the above Lemma, which is

proved will be helpful in presenting our main results in a compact form.
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3 Main results

In the following theorem, we compute the Gutman index of the join of two graphs.

Theorem 3.1. Let G; be (n;, m;)- graph and let m; = e(G;), where i = 1,2. Then

2 X Gut(G1 + Gg) == 2M2<G1) + 2712M1(G1) + 2n§m1 + 4M2(G1) + 4n2[2m1(n1 — 1) - Ml(él)]
+ dmns + 8mymsg + dnyming + 4ngnymsy + 2nins + 2My(Gy)

+ 2711M1(G2) + 272%77@ + 4M2(G2) + 4n,q [QWQ(TLQ — 1) — Ml(éz)] + 4m2n%
Proof:

2 x GUt(Gl + GQ) = Z Z dG1+G'2 (.CE, y)dG1+G2(x)dG1+G2(y)
zeV(G1+G2) yeV(G1+G2)

= Y Y el pdase@)iee )

z€V(G1+G2) ~yeV(Gr)

+ Z dG’l-l-Gz(x?y)dGﬁ-Gz(I)dGﬁ-Gz(y)

yeV(Ga2)
= Z Z dG1+G2(x7y>dG1+G2(x>dG1+G2(y)
z€V(G1+G2) yeV(Gr)
+ Z Z dG1+G2(x7y>dGl+Gz(I>dG1+G2(y)

z€V(G14+G2) yeV(Ga)

= Z Z dGl—f—Gz(fL‘:y)dG1+G2(‘r)dG’1+G2(y)
z€V(G1) yeV(Gr)

+ Z Z dG1+G2(x7y)dGﬁ-GQ(x)dGH-Gé(y)
z€V(G2) yeV(Gi)

+ Z Z dGlJer(xvy)dG1+G2('r)dG1+G2<y)
zeV(G1) yeV(Ga)

+ Z Z dG1+G2(I7y)dG1+G2(x)dG1+G2(y)
z€V(G2) yeV(G2)

= Z Z dG1+G2 ([lﬁ', y)dG1+G’2 (x)dGl+G2 (y)

zeV(G1) yeV(Gr)

+ 2 > Y deysa,(@,y)da 16, (T)day 16, (y)
zeV(G1) yeV(Ga)

+ Z Z dG1+G2 (x7 y)dGl+G2 ('r>dGl+G2 (y)
zeV(G2) yeV(Ga)
2 X GUt(Gl + Gg) = Sl + 252 + S3,
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where S1, Sy, S3 are terms of the above sums taken in order. We calculate S7, S, S3

separately one by one. Now

Sl = Z Z dG’H-Gz(x?y)dGH—Gz(x)dGH-GQ(y)
2€V(G1) yeV(Gr)

= Z dG1+G2 (SL’, y)dG1+G2 (x>dG1+G2 (y)
Z,yEV(Gl)

= Z dG1+G2 (ZE, y>dG1+GQ (x>dG1+G2 (y> + Z dGH-GQ (CL’, y)dG1+G2 (x)dG1+G2 (y)
zyeGy rygG1,x#Y

+ Z dG1+G2 ($, y)dG1+G2 (:U>dGl+G2 (y)
zy¢Gr,z=y

=1 Z dGl+G2 (x)dG1+G2 (y) +2 Z dG1+G2 (x)dGl+G2 (y) +0

zyeGi ry¢G1,z#£Y

S = S11+251,,

where 57 ; and S 2 are terms of the above sums taken in order, which are computed as

follows:

Sl,l = Z dG1+G2 dG1+G2 (y)

zyeGy

= Y (da(z) +n2)(da, (y) + n2)

ryeGy

= Y de (2)de, (y) + nodg, () 4 nade, (y) + nj

ryeGy

= Z dG1 dG1 +77,2 Z dGl(x>+n2 Z dG1(y)+n§ Z 1

zy€Gy zy€eGy zy€G1 ry€G1
= 2MQ(G1) + no Z dél (l’) + no Z dél (y) + n%?ml
z€V(G1) yeV(G1)
= 2M2<G1) —+ 277,2M1 (Gl) -+ 27137711

Sl,2 = Z dG1+G2 (x)dGl+G2 (y)
zy¢ G127y

= Y (de(x) +n2)(de, (y) + n2)
ry¢G1,a#£y
= Y de(z)dg, (y) + nadg, (2) + nade, (y) +n3
zy¢Gr,a#y
= > de(@)de,(y)+ne Y, de (@) +ne > de(y)+ns D) 1
ry¢G1,aty ry¢G1,a#£y ry¢ G107y ry¢G1,aty
= QMQ(Gl) —|— 2n2[2m1(n1 — 1) — Ml(él)] + 2m1n§
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Z Z dGlJer(J;ay)dG1+Gz<x>dG1+Gz<y>
zeV(G1) yeV(Ga)

1 Z Z dG1 +n2)<dG2( )+n1)

z€V(G1) y€eV(G2)

> > de, (2)da,(y) + nide, (x) + node, (y) + nans
eV (G1) yeV(Ga)

Z dG1 ) Z dG2 —l— Z nldgl Z 1

IBEV Gl) yev Gz) (EGV(G1) yGV(Gz)
Yool Y day(y)+mne Y, 1 Y1
z€V(G1) yeV(G2) z€V(G1) yeV(Ge)

2m12me + n12mine + noni2me + ninoning

2, 2
dmimsg + 2niming + 2nanime + ning

Z Z dGH-Gz(x:y)dG1+G2<I>dGl+GQ(y>
z€V(G2) yeV(Ga)

Z dG1+G2 (:L“, y)dG1+G2 (‘r)dGH—Gz (y)

z,yeV(G1)

Z dG1+G2 (iL‘, y)dG1+G2 ($)dG1+G2 (y) + Z dG1+G2 (:Ea y)dG1+G2 <x>dG1+G2 (y)
zy€Ga 2y¢Ga,x#y
+ Z dGl+G2 (xa y)dGH-Gz (Z‘)dG1+G2 (y)

ry¢Ga,z=y

1 Z dG1+G2 (‘I)dGl"FGQ (y> +2 Z dG1+G2 (x)dGl-i-Gz (y) +0

zy€Ga rygGa,x#y
S31 42539

where S3; and S35 are terms of the above sums taken in order,

which are computed as follows:

> deyre,(®)de 16, (y)

zy€eGy

>~ (da, () +na)(da, (y) + no2)
zy€Ga

Y da,(2)de, (y) + nade, () + nade, (y) + nj
zy€eGa

Z dGl dG1 + N2 Z dG1 (37) + N Z dGl (y) + ng Z 1
zy€Ga xyEGg waGQ zy€Ga
2M2(G2) -+ No Z d2 —|— N9 Z d —|— n22m2

z€V(G2) yeV(Ga)
QMQ(GQ) + 2TL1M1<GQ) -+ 27’le2
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53,2 = Z dG1+G2 (‘r>dG1+G’2 (y)
ay¢Ga,x#y

= Y (dg(x) +na)(de, (y) + n2)
ry¢Ga,z#y

= Y |de@)o, ) + nade, () + nada, () + 13
zy¢Go,a7y

= Z dGl (w)dGﬁ (y> + N Z dGl (x) + N Z dG1 (y)

rygGa,x#y 2y Ga,x#y 2y Ga,x#y

+ny Y. 1

ry¢Ga,a#y
= QMQ(GQ) + 2n1[2m2(n2 — 1) — Ml(ég)] + QWQH%

2 X Gut(G1 + Gz) = Sl + 252 + Sg
= S11+28124+25 + 551+ 255,

By substituting S 1, 512,52, 531 and Ss2, we get the desired results. |

4 Composition
In the following theorem, we compute the Gutman index of the composition of two

graphs.

Theorem 4.1. Let G; be a (n;, m;)- graph and let my = e(G3). Then

2 X GutG1 [GQ] == 4M2(G2)W(G1> + 27’LQM1 (GQ)DD(Gl) -+ 4m2n§Gut(G1) + 4H1M2(G2)
+ 8n2m1 [2(7?/2 — 1)%2 — Ml (62)] + 4”%M1(G1)m2 -+ 2n1M2(G2)
+ 4n2m1M1(G2) -+ 2n§M1(G1)m2 + 2W(G1)[2M2(G2) + Ml(Gg)]

+ 2n2DD(G1)[2(n2 — 1)m2 — M1 (éz) -+ 2m2] + 2n§Gut(G1)[2m2 + TLQ]
Proof:

2 x GUtGI[GZ] - Z Z dG1[Gz] ((l’, u)? (y7 U)) dGl[G2] (l‘, u>dG1[G2} (y7 U)

z,y€G1  u,weEGy

= { > ((xau)a(y>U)>dG1[G2](x7u)dGl[Gz}(y>U)

z,y€G1 ~ uwweGs
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+ Y ((L u), (v, U))dcl[ag](% w)de,c. (Y, U)}

wvéGa

= > > <(£17, u), (y, 'U)>dG1[Gz]<x7 u)da,a,) (Y, v)

ryeG1,x=y wveGs

oo

zy€Gr,x#y uwveGa

(@0, )
+ > > ( >dG1 6] (7, u)da, (o) (Y v)
)

dG1 GQ] T, u dG1 GQ](y’ )

ryeGr, o=y ww¢Ga

Y Y (e

zyeG1,x#y  uwvgGa
= J3+J1—|—J2+J4,

day () (7, w)day ey (Y, v)

where Js3, Ji, Jo, Jy are terms of the above sums taken in order. Next we calculate Jy, Jo, J3, Jy

separately.

Ji

Z Z dGl[Gz} (('% u)v (ya ’U))dCh[Gz} ({L’, u>dG1[G2} (y> U)

ry€Gr,aty uwveGa

S Y day(@y)[doy(u) + do, (@)ns] [de, (v) + de, (y)no]

zy€Gr,x#y wveGe

Z Z dGl (.CE,y)

zyeG1,x#y wvEGs

da,(w)da, (v) + nade, (u)da, (y) + nada, (2)de, (v)

n3do, (2)do, ()]
( Z dGl T,y ) Z dGz dG2 >+n2 Z dGl (*T Y dG1 ( Z dG2 )
zyeGr,x#y wEG?2 zyeG1,x7#Yy w€EG2
ng Y. de (v, y)de (z < Y day(v >+”§ > dcl(fﬁ,y)dGl(ﬁf)dGl(y)( > 1>
zyeGr,2#y weG?2 zyeG1,2#y uwvEGa
2My(Ga) Y. dey(r,y) +neMi(Ga) Y dey(7,y)de, (y)
zyeG,x#y zy€G1,x#y
noMy(Ga) Y. dey(z,y)de, (z) +2mans Y da, (2, y)da, (2)da, (y)
ry€Gr,2#y zy€Gr,2#y
2My(Ga) Y. dey(w,y) +neMi(Ga) Y. day(x,y)[de, (x) + Gi(y)]
ry€G1,x#Y ry€G1,2#Y
2m2n§ Z dGl (377 y)dG1 (x)d(h (y)
zy€G1,2#yY

4MQ(G2)W(G1) + 277,2M1 (GQ)DD(Gl) + 4m2n§Gut(G1)
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Z Z dGl [G2] (<x7 ’U,), (yu U))dG’l[Gﬂ (:C’ u)dG’l[Gﬂ (y7 U)

zy€G1,2=y uwvg¢Ga

Z { Z dGl[G2] ((l’, u)u (y7 U))dGﬂG’Q] (ZE, u)dG1[G’2] (y7 U)

zyeGr,r=y ~ w¢Ga,u=v

> dayc ((l’» u), (y, U))dcl[cz} (z,u)de, (6, (Y, U)}

uvgGa,uFtv

Z Z dGl[Gz} ((:IZ‘, u)a (y7 U)) dGl[Gz} (xv u>dG1[G2} (y7 U)

ryeGr,e=y uvg¢Ga,utv

2 > > [das(w) + dey (2)ns) [day (v) + da, (y)no]

zy€G1,x=y uvgGa,utv

2 Y Y |dewde ) + nade,(wde, () + nada, (2)da, (v) + ndde, (+)de, (3)|

zy€G1,x=y uvg¢Gautv

2< 3 1) 3 dGQ(u)dGQ(U)—i—Qng( 3 dGl(y)> S dey(u)

ryeG1,x=y uwv¢Ga,u#tv ryeG1,x=y uwvéGa,u#v
o Y dal@) ¥ da@+2i Y da@da)( Y 1)
ryeG1,x=y wv¢Ga,u#tv ryeG1,x=y uv¢Ga,u#tv

2n12M5(Gs) + 2n92my [(ng — 1)2my — M1 (Gs)] + 2n92m4[2(ny — 1)y — MGl
+2n3 M, (G427,
4ny Mo(Go) + 4namy[2(ny — 1)y — My (G2)] + 4namy[2(ny — 1)y — M Gh)
4niM, (G2,

Y. 2 daie <(fﬂ, w), (y, v))dcl[cﬂ (2, u)de, (G2 (y, v)

ryeG1,x=y uwveGsy

> > dau(w) + day (2)ns] | de, (v) + da, (y)na)

zy€Gr,x=y uwvEGy

> % [den e, (v) + nades (u)de, (5) + nades (2)dau (v) + nides ()des (4)|

ryeG1,x=y wvEGs

(¥ 1) L daiat+n ¥ da)( X dow)

ryeG1,x=y uvEGa ryeG1,x=y uvEGa
i Y o) X de®)tnd ¥ da@daw)( X 1)
ryeG1,x=y uvEGa zyeG1,x=y uvEGs

2711M2<G2) + 2n2m1M1(G2) + 2n2m1M1(G2) + QTL;Ml(Gl)mQ
Z Z dGl[Gﬂ <($a U’)v (ya U))dGﬂGQ] ($a u)dGl[GQ] (ya U)
ryeGr,a#y  uvgGe

> Y dy)[de(w) + do, (@)ns) [da (v) + da, (y)ne]

zy€GL,a7#y  uvgGa
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= Y% dwy)|dau(u)de,(0) + nadey(w)da, (y) + nade, (2)das (v) + nide, ()do, (v)]
zyeGr,x#y  uvgGe

:( > >Zd@2 ), ( )—l-nz( Y. d(@,y)de,(y )ZdG2

zyEGl,x#y wvéGa zy€G1,x5#Yy uvgGa

Yo Y dley)de (o (Z des, (v )+n§ 3 d(x,y)dgl(x)dgl(y)( 5 1)

ry€G1,27#Y wvéGa zy€G1,27#Yy uvéGa
== 2W(G1)[2M2(G2) + Ml(GQ)] + 2n2DD(Gl)[2(n2 - 1)W2 - M1<G2) + 27712]

+  2n3Gut(Gy)[2m + ny]

By adding Ji, Js, J3 and Jy, we get the desired result. [ |

5 Disjunction

In the following theorem, we compute the Gutman index of the disjunction of two graphs.

Theorem 5.1.

2 x Gut(Gy V Gy) = (2015(Gh) + My(Gy) [zngm2 2y My (Gy) + 2M(G) + 202 (27 + n2)]

( )
+ <2M2(G2) + Ml(Gz)) [2n%m1 — 2n My (Gh) + 2My(Gh) + 203 (2, + m)]

+ <2m1(n1 — 1)+ 2my — Ml(ca)) {annng(Gg) — Ay Mo (G)
— am {205(Ga) + Ml(Gg)}} + (2m2<n2 1) 4 2my — M1(02)> [innng(Gl)

G1) — 4ny {205 (Gh) + M1<G1)}] - 202 My (Gy) (27, + 1)
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2 % GUt(Gl V GQ) = Z Z dG1VG2(<x7 u) (y7 U))dG1VG2 (.T, u)dG1VG2 (y7 U)

C, =

z,yeV(G1) wuweV(Gz2)

= > {2 dava(@0)6:9)dene @ w)doye v )

z,y€V(G1) - uwveGa

+ > dawves ((1:, u)(y, v)) deyva, (T, u)de,ve, (Y, v)}

uvé¢Ga

= Y Y dove(@0)0:0) Jdove @ 0)dave, v 0)

z,yeV(G1) weGa

+ Z Z dG1VG2 ((xvu)(yvU)>dG1VG2(xvu>dGl\/G2 (%U)

z,yeV(G1) wvgGa

Z Z deyvas <(JJ, u) (ya U))dGHVGz (.13, u>dG1VG2 (yv U)

xyeGr  wveG?

Z Z dGl\/GQ x u y? )dG1VG2(x7u)dG1VG2(y7U)

zy¢G1  wveG?

(
> dleG2< )dclvcz(fﬁ w)de,va, (Y, v)
(

xyeG1  wvéGe
Z Z dGl\/Gz Z, u y7 )dG1VG2 (Z‘, U’)dGl\/G2 (y, U)
zy¢G1  wwgGa
Cs + Cy + Cy + C4, where Cy, Cy, C3, Cy are terms of the above sums taken in order.

DY dclvoz((x,uxy,v))dm@(x,u)dolv@(y,v)

zy¢G1  weGe

Z Z dGl\/G2 dGl\/Gz (ya )

zy¢G1  wveG?

S Y [nedey (@) + mde, () — da, (2)da, ()] [nade, (y) + mde, (v) — da, (y)da, (v)]

zy¢G1 weG

> X [ndday ()do ) + minada, (2)da (0) — nada, (2)dg, (9)des (0)

zy¢G1  wveG?

nln?dG1 (y)dGz (u) + n%dG& (u)dG2 (U) - nldG1 (y)dGQ (u)dG2 (U) - n2dG1 (x)dG1 (y)dGQ (u)
m1dg, (@) da (w)dau (0) + da (2)da, (5)dos () (0)

ny > Y de (2)de, (y) +rmne Y, D de(2)de, (v)

zy¢G1  weG2 zy¢G1  weGa

N9 Z Z dG’1 dG1 )d02 —|—n1n2 Z Z dG1 dGQ )

zy¢G1  wvEG2 zy¢G1  wveG?
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nl Z Z dG2 dG2 _nl Z Z dGl dG2 )dGz(U)

zy¢G1  wveG2 a:yéGl uv€Ga
ne Y. Y de(2)de, (v)da,(w) —ny Y. > da, (2)da, (u)de, (v)
zy¢G1  uwvEG2 zy¢G1  wweG2

Z Z dGl dGl )dGz (U)dGz (U)

zy¢G1  wv€eG?

n2 Z dG1 dG1 Z 1+n1n2 Z dG1 Z dG2

zy¢G1 weG?2 zyédGh weG2

o Z de, (z)de, (y Z dg,(v) + ning Z de, (y) Z da,(u)
zy¢G1 uveGa zy¢G1 uveGa

nl Z 1 Z dG2 dG2 —n1 Z dG1 Z dG2 dG2 )
zy¢G1  weGe ry¢ G ”LL’UEG2

N2 Z dG1 dG1 ) Z dG2(u)_n1 Z dG1 Z dGQ dGQ )
zy¢Gh uvEGa ry¢G1 wvEGs

Z dGl dGl Z dGz dG2 )

zy¢G1 UUEGQ

2n3my[2Mo(G) + My (G1)] + nino[2my (ng — 1) + 2my — My (G1)]M1(Gs)
noMi(G2)[2Mo(Gy) + Mi(Gy)] + nine[2my(ny — 1) + 2my — My (G1)|M;(Gs)
20T Mo (Gy)(2my +ny) — 2n[2m1 (ny — 1) + 2my — M1 (G1)]| My (Ga)

Ny My (Go)[2Mo(Gy) + My(Gy)] — 2nq 2 (ny — 1) + 2my — My (G1)] Ma(GY)
2My(Go)[2M 5 (G) + M1(GY)]

YooY dave((zu)(y,v)deva, (2, u)da, va, (y, v)

zy€G1  wvéGe

Z Z dGl\/Gz (Ia u)dG1\/G2 (ya U)

zyeG1  uvéGa
Zé Z [n2dG1 (%) + nldGQ (U) - dG1 (x)dGz (’LL)] [nQdG1 (y) + nldGQ (U) - dG1 (y)dG2 (U)]
zyeG1  wgGo
> Y [ mdoy(@)do,() + minade, (0)dau(v) — nade, (0)d, (1) dea(v)
zyeE(G1) wvgGa
minade, (y)da, (u) + nide, (u)da, (v) — mde, (y)de, (u)da, (v) — nada, ()de, (y)da, (u)

midg, () da (w)da, (0) + da, (2)da, (5)dos () (0)

Y Y da@da@mne Y Y de@)de ()

zy€eG1  wwéGa zy€G1  wwéGa

N9 Z Z dG1 dG1 )dG2 +n1n2 Z Z dG1 dG2 )

zyeG1  uvéGa xyeG1  uvéGe
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nl Z Z dG2 dG2 _nl Z Z dGl dG2 )dGz(U)

zyeG1  uvéGa myEGl uvgGa
U Z Z dG’l dG1 )dGz _nl Z Z dG1 dG2 )dGQ(,U)
zyeG1  wwéGa ryeG1  wwéGa

Z Z dGl dG1 )dG2 (u)dG2 (U)

zy€G1  wvéGa

n2 Z dG1 dGl Z 1+n1n2 Z dG1 Z dGQ

zyeGy uvgGa zyeG1 uvéGa

No Z dG1 d01 Z dG2 +n1n2 Z dG1 ) Z dG2(u)
zyeGy uwvgGa ﬂCyGGl uvgGa

77,1 Z 1 Z dG2 d02 —TLl Z dG’1 Z dG2 dG2 )
2zyeG1  uvgGa zyeG1 uv¢G2

T2 Z dG1 dG1 ) Z dG2(u)_nl Z dG1 Z dGz dG2 )
ryeGy wvéGa ryeGy uv¢Ga

Z dG1 dGl Z dGz dG2 )

ry€eGy uv§éG2

271%M2 Gl)[ng + 712] + n1n2[2m2(n2 — 1) + ng — Ml(Gg)]Ml(Gl)

21y My (G ) [ 275 (n — 1) + 2my — My (Ga)] + nynal2ma(ns — 1) + 2my — M, (Ga)] My (Gy)
2M5(G) + My (Gy)) — n1[2Mo(Gy) + My (Go)] M1 (GH)

G1)[2ma(n — 1) + 2my — Mi(Ga)] — na[2M2(Go) + Mi(G2)|Mi(Gh)
2Mo(G1)[2M5(Ga) + M1 (GY)]

> X dowe (@0 0)) e @, wdene v v)

ryeG1  uwvEGs

1 Z Z dleGz(xuu)dGHVGb(yvv)

zyeG1  uwveGy

S Y [nedey (@) + mide, () = da, (2)da, ()] [nade, (y) + mde, (v) — d, (y)da, (v)]

zyeG1 wweGs

S X [ndes (0)de, (9) + ninade, (0)de, (0) — nada, ()da, (4)de (0)

zyeGr  wveGs

mimade, (y)da, (u) + i, (u)da, (v) — made, (v)d, (u)da, (v) — nade, (r)de, (4)de, ()
midg, (@)da (w)da, (0) + da, (2)da, (5)do () (0)

ny > Y de,(2)de, (y) +mane Y. Y. de, (2)dg, (v)

ryeG1  uwvEGe ryeG1  uwveGs

o Z Z dGl dGl )dGQ +n1n2 Z Z dGl dGQ )

ryeG1  uwvEGs ryeG1  wvEGs
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+TL1 Z Z dG2 dG2 —n1 Z Z dG1 dG2 )dG2(U)

zyeG1  wveGs xyGGl uv€Gs
M2 Z Z dG1 dG1 )dGQ _nl Z Z dGl dG2 )dG2(U)
ry€G1  uwveGe zy€G1  uwveGy

+ Y > da(x)dg, (y)da,(u)da, (v)

zyeG1  uwveGs

n2 Z dG1 dG1 Z 1+ nine Z dG1 Z dGQ

ryeGy uveGa ryeGy uvEGa

Mo Z dG1 dG1 Z dG2 +n1n2 Z dG1 ) Z dGz(u)
zyeG1 wveGo zyeG1 e

nl Z 1 Z dG2 dG2 —TLl Z dG1 Z dG2 dG2 )
zy€G1  uwveGse xy€G1 quGz

ny Y de (x)de, (y) Y day(u) —n Y da(z) D da,(w)de,(v)
ryeGy uv€Ga ryeGy e

Z dG1 dGl Z dG2 dGz )

ryeGy e

4n§m2M2(G1) + n1n2M1<G1)M1(G2) — 2712M2(G1)M1(G2) + nlnng(Gl)M1<G2)
4n%m1MQ(G2) — 2n1M1(G1)M2(G2) — 2n2M2(G1)M1(G2> — 277/1M1(G1)M2(G2)
AM5(Gy) Mo (Ga)

Z Z d(G1VG2) ((IL', U) (y7 U))d(G1VG2) (ilj', u>d(G1®G2) (y7 U)

zy¢G1  wiGo

Z { Z d(Gl\/Gz)((x’ ’LL) (yv U))d(Gl\/Gz) (‘T’ u)d(G1VG2) (ya U)

zy¢G1 uwv¢Ga,u#tv

S diowe (@)1, 0)dicvan (@ u)dicve (1,0) |

uwwgGau=v

> Y deva)(T,u)(y,v)dva) (T, u)dG ves) (Y, v)
zy¢G1  wwgGautv

> > deivey ((@,w)(y,v)dicves) (@ w)dGives) (Y, v)
zy¢G1  wwgGa,u=v

Z Z d(Gl\/GZ) ((SE, u) (y, U))d(G1VG2) (I, u)d(Gl\/G2) (y, ?})
zy¢Gr,x#y  wgGa,utv

> Y diven (7, 9)(y,v))drvan) (T, w)d G vy (4, v)
ry¢Gr,e=y wwgGa,utv

> Y diciven (@, 0)(y,v))drvan) (T, w)d G vy (4, v)
2y¢Gr,x#ty  wgGau=v

> Y diven (@, 0)(y,v))dGrven) (T, w)d G vy (4, v)

zy¢Gi,o=y uvgGa,u=v



Cs

= 2

+ 2

+ 2

+ 2

+ 2

- 2

- 2

>

zy¢G1,a#y

>

zy¢G,x=y

+ 2 )

zy¢G1,x#y

:22

xy¢Gr,a#y

>

2y¢G1,x=y

>

zy¢G1,x#y

>

ry¢G1,2=y

>

zy¢G1,a=y

2y¢ Gy

>

ry¢Gi,x=y

rygG1

zy¢G1

2 X

zy¢G1  wwgGa

nZdGl
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2.

uwwgGa,uFtv

>

uv¢Ga,u#v

2.

uwgGau=v

2

uv¢Ga,u#v

2.

uwwgGa uFtv

>

wwéGa,u=v

2.

uv¢Ga,u=v

>

uv¢Ga,u=v

2.

uv¢Ga,u=v

d(cvas) (T, u)dGvay) (Y, v)
diGyvan) (7, u)dGvay) (Y, v)
dicvas) (@, w)diGvas) (Y, v) + 0
diyvan) (7, u)d(Gvay) (Y, v)
d(cvas) (T, u)dGvas) (Y, v)
d(cvas) (T, u)dGvas) (Y, v)
d(cvas) (T, u)dGvay) (Y, v)
d(cvas) (T, u)dGvas) (Y, v)

2 ) Y dicves (T, w)dcvay) (Y, v)

uwv¢Ga

d(G1VG2) (I‘, u)d(G1VG2) (y7 U)

19

2C5 — 2Cs, where C5 and (g are terms of the above sums taken in order.

Z Z dG1\/Gz (JZ,U)dleG2 (y, U)

wvéGa

Z Z {nQdGl

uvgGa

+nudg, (u) — de, (x)da, (1) | [n2da, (¥) + nde, (v) = da, (y)da, (v))]

dGl ( ) + nln?dGl <x>dG2 (U) - n2dG1 (x>dG1 (y)dG2 (7})

n1n2d01 (y)dGQ (U) + n%dcb (U)d@2 (U) - nldGl (y)dGz (u)dGz (U) - nQdGl (aj)dGl (y)dG2 (u)

nide, (v)dea,(u)da, (v) + de, (z)de, (y)da, (v)da, (v)

712 Z Z dG1 dG1 +n1n2 Z Z dGl ng
zy¢G1  wwigGo zy¢G1  wwigGo

N9 Z Z dG1 dG1 )dG2 +n1n2 Z Z dG1
zy¢G1  uwvgGa zy¢G1  wwigGa

TL% Z Z dG2 ng —n1 Z Z dG1 ng
zy¢G1  uwwgGo xy¢G1 wvgGa

n2 Z Z dGl dG1 )dG2 _nl Z Z dG1
zy¢G1  wiGa zy¢G1  uwwigGa

v)

)dc, ()
u)dg, (v)
u)dg, (v)

Yda, (u
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Z Z dGl dGl )dG2 (u)dGz (U>

zy¢G1  wwgGa

TL2 Z dG1 dG1 Z 1+n1n2 Z dG1 Z dGz

ry¢G1 uv¢Ga zy¢G1 uvgGa

N9 Z dG1 dG1 Z dG2 + OLD) Z dGl ) Z de, (u>
zy¢G1 uv¢Ga zy¢G1 uv¢Ga

+n1 Z 1 Z dG2 dG2 —n1 Z dG1 Z dG2 dG2 )

zy¢G1  wwiGo zy¢G1 uvgéGz

na Z dGl dG1 ) Z dGQ _nl Z dGl Z dGQ dG2 )
ry¢G1 uvgGa zy¢ Gy uvéGa

Z dGl dGl Z dG2 dGQ )

zy¢G1 uvgGo

n’ _2M2 )+ My (Gh)](2m + no)

nine (n1 — 1)2m1 ( ) + 2m1 <(n2 - 1)2m2 - Ml(ég) + 2m2)

N9 _2M2(G1) + Ml(Gl)}

VR

(7?,2 — 1)2m2 — Ml(ég) + 2m2)

Q)

nns :(n1 _1)2m — My(Gh) + 2m1: ((m —1)2m, — My(Gy) + 2m2)

HEE (2M2(G2) + M1<G2)> _ [2M2(G2) + M1<G2)] ((m _1)2m — My(Gy) + 2m1>
"y [2M2(G1) + Ml(Gl)} ((m )27, — My(Gs) + 2m2>

n [2M2(G2) + Ml(GQ)} ((n1 —1)2m — My(Gh) + 2m1>

[QMQ(Gl) + Ml(Gl)} <2M2(G2) + Ml(GQ))

= Z Z dG1\/G2 (l’, u)dGlVGz (y, U)

2y¢Gi,e=y uwvgGau=v

= Y. Inede () +mide, (v) — da, (z)de, (u)][n2de, (y) + nide, (v)
ry¢Gr,e=y wwgGa,u=v
_dGl (y)dGQ (U)]

= ) > |:n§dGl(x)dG1<y) + ninade, (2)de, (v) — nade, (7)de, (y)da, (v)

2y¢Gi,o=y uwvgGa,u=v

+ nandGl (y)dGz( ) + nldGQ ( )dGQ (U) - nldG1 (y>dG2 <u>dG2 (U)
- n2dG1 ([L’)dcl (y)dGz (u) - nldGl ('x)dG2 (u)dG2 (U) + dGl ('r)dGH (y>dG2 (u)dG2 (?})
= ny Y. dey(@)de, (y) +mane Y > dei(2)de,(v)

zy¢Gr,e=y wwg¢Ga,u=v zy¢Gr,o=y wwg¢Ga,u=v
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— Na Z Z da, (7)dg, (y)da, (v) + ning Z Z de, (y)de, (u)

ry¢Gra=y wgGau=v zy¢Gre=y uwvgGa,u=v

+ n% Z Z dGz (u)dGQ (U) —n1 Z Z dG1 (y)dGz (u)dGz (U)
zy¢Gr,o=y wwgGa,u=v ry¢Gr,o=y wwgGa,u=v

- ny ) > dey(v)de, (y)de,(u) —m Y > dg,(x)dg,(u)dg,(v)
zy¢Gr,e=y wvg¢Ga,u=v zy¢Gr,o=y wwg¢Ga,u=v

+ Z Z dGl (x)dG1 (y)dG2 (u)dG2 (U)

ry¢Grz=y uwvgGa,u=v

= TL% Z da, (x)dGl (y) Z 1 +ning Z d, (m) Z dG2(U>

ry¢G1,2=y uww¢Ga,u=v 2y¢G1,x=y uv¢Ga,u=v

- N2 Z dGl (‘r>dG’1 (?J) Z dG2 (U) + ning Z dG1 (y) Z dG2 (u>
zyé¢Gr,x=y uwwgGa,u=v zyé¢Gr,x2=y) wv¢Ga,u=v

+ n% Z 1 Z dGQ (u)dGz (U) — Z dGl (y) Z dGz (u)dGz (U)
zy¢G1,x=y uwv¢Ga,u=v ry¢Gre=y uww¢Ga,u=v

- N2 Z dGl (I)dGl (y) Z dG2 (u) — Z dGl (I) Z dGz (u)dGz (U>
2y¢G1,z=y uwwgGa,u=v 2y¢Gi,z=y uvgGa,u=v

+ Z dG1 (x)dG1 (y) Z dG’z (u>dG'2 (U)]

ry¢G1,2=y) wvgGa,u=v

= nng(Gl) + 4n1n2m1m2 - 2n2m2M1 (Gl) + 4n1n2m1m2

+ n:fMl(Gg) — 2n1m1M1(G2) — 2n2m2M1(G1) — 2n1m1M1(G2) + Ml(Gl)Ml(GQ)

", 2XGUZ€(G1\/G2) = Cl+02+03—|—04
= C1+Cy+ C5+2C5 — 2C

By substituting C, Cs, C3, Cs and Cj, the desired result follows after simple calculation.
]

6 Symmetric difference

In the following theorem, we obtain the Gutman index of the symmetric difference of

two graphs.

Theorem 6.1.

2 x Gut(Gy ® Gy) = <2M2(G1) 4 Ml(G1)> [Qnng — 4nyMi(Ga) + 8My(Gl) + 202 (27 + no)
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+ <2M2(G2) + Ml(Gg)) {Zn%ml iy My (Gy) + 8Mo(Gh) + 202 (27 + nl)}

+ (le(nl 1) 4 2my — Ml(Gl)) {innng(Gg) — 8y My(G)

— 8m{2M5(Ga) + Ml(GQ)}} + (2m2(n2 — 1) + 2my — Ml(G2)> {innQMl(Gl)

~ 8naMa(Gh) — Sna{2M3(G1) + (G} | + 2030(G) 2ty + )

+ 23 My(GY) 2y + no) + 8namaMy(Gh) + 4nina My (G1) My (Gy) + 8n2mi My (Gy)
— 16neMy(G1)Mi(Ga) — 160, My (Gy) Ma(Ga) + 32Ma(Gy) M (Go)

+ dnyno[(ny — 1)2m — Mi(Gh) + 2my | [(na — 1)21, — My (Ga) + 2ms)

— 203 My (Ga) + 16nymy My (Gs) — 8My(G1) My (Gs) + 16nyma M, (Gy)

+ 8[2Ma(Gh) + My(Gh)] [2M5(Ga) + Mi(Ga)| — 203 My (Gy) — 16mamamam,

Proof:

2x GUt(Gl D G2> = Z Z d(G1®G’2) ((1:7 U) (ya U))d(GH@GQ)(xv u)d(G1®G2)(y7 U)
m,yGV(GH) U,UGV(G2)

= Z { Z d(GleaGg)((l’aU)(%U))d(Gl@Gz)(fﬁ,U)d(Gl@Gg)(y,U)
z,yeV(G1) ~ uwveGe

+ Z d(Gl@GZ)(<‘T7u)(y7v))d(Gl@G2)<x7u)d(Gl@G2)<y7U)}
uvéGa

= Z Z d(G1€BG2)((:U7u)(y7U))d(Gl@GQ)(x7u)d(Ch@Gz)(ya U)

z,y€V(G1) wveG:

+ Z Z d(Gl@Gz)«x?u)(Z/av))d(GlEBGQ)(x?u)d(G1EBG2)<y7 U)
z,yeV(G1) wvgGa

= Z Z d(G169G'2)(($7 u) (ya U))d(G1®G2)(x7 u)d(G1€9G'2)(y7 U)

zyeGr wveGa

+ Z Z d(G1®G2)((‘T7u)(yv U))d(GﬂBGz)(l‘?u>d(Gl®G2)(y7U)

zy¢G1 uwvEGa

+ Z Z d(Gl@G2)(('x7u>(y7 U))d(GHGBGz)(xvu)d(G1@G2)(yvv)

2yeG1  uvéGa

+ Z Z d(G1®G2)((xvu)(yv U))d(GﬂBGQ)(xvu)d(G1®G2)(y7U)
zy¢G1  wwgGo

= B3+ B; + By + B,, where B3, By, B, and B, are terms of the above sums taken in order.
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Z Z d(Gleer) ((l’, U)(y, U)) d(G1EBG2)(x7 u)d(Gl@GQ) (yv U)

zy¢G1 uwv€EGa

1 Z Z d(Gl@GZ)(x7u)d(G1@G2)<y7v)
zy¢G1  wveG?

S Y [neda, (2) + mde, (u) — 2dg, (2)da, ()] [n2de, (v) + mde, (v) — 2d6, (y)da, (v)]

zy¢G1  wveG2

> X [ndda (@)do, (y) + mnada, (@)da, (v) — 2nada, (2)dg, (4)de (0)

zy¢G1  wvEG2

ninade, (y)da, (u) + n2de, (u)de, (v) — 2mde, (¥)dg, (u)dg, (v) — 2nade, (x)de, (y)da, (1)
2n1da, (2)dg, ()das (0) + Ada, (2)dg, (9)des (). (v)|

ny > > de,(@)de, (y) +nang Y. > dg, (2)dg, (v)

zy¢G1  wveG2 ry¢G1  uwveGe

2n2 Z Z dGl dG1 )dGQ +n1n2 Z Z dGl dGQ )
zy¢G1  uwveG: zy¢G1  weG2

nl Z Z dGz dG2 )_2n1 Z Z dG1 dG2 )dGQ(U)
ry¢G1  wveGa zy¢G1  weGe

2712 Z Z dGl dG1 )dG2 —2711 Z Z dG1 dG'2 )dGQ(U)
zy¢G1  uwveG: zy¢G1  wveG2

4 Z Z dGl dGl )dG2<u)dGz<U)]

ry€G1  wveGa

n2 Z dG1 dG1 Z 1+ nino Z dG1 Z d02

zy¢G1 uveGa zy¢G1 uveGa

2n2 Z dGl dGl Z d02 +n1n2 Z dGl ) Z ng(“)
zy¢G1 uwweGa wy¢G1 uwweGa

nl Z 1 Z dG2 ng —2711 Z dG1 Z dG’g dG2 )
zy¢G1  wveG? zy¢G1 uv€eGa

2712 Z dGl dG1 ) Z dGz(u)—2n1 Z dG1 Z dG2 dG2 )
zy¢ Gy uweGa zy¢G1 uweGa

1Y dey (@) (y) Y doy(w)da, (v)]

ry¢ G IWGG2

2n3ma[2Mo(G1) + My (Gy)] + ning[2my(ny — 1) + 2my — My (G| My (Gy)

2o M (G2)[2M5(Gh) + M (Gy)] + nyna[2m; (ny — 1) + 2my — My (Gy)]M; (Gs)
203 My(Go)(2m1 + ny) — 2na[2m1 (ny — 1) + 2my — My (G1)] M2 (Gs)

2o M (G2)[2M5(Gh) + M (Gy)] — 2n4[27 (g — 1) + 2my — My (G1)] Ma(Gs)
8My(Go)[2M o (Gy) + M1(GY)]
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Z Z d(Gl@GQ) [(357 u)(y, U)]d(Gl@G2) (377 u)d(GlEBG2)<y7 U)

xyeG1  uvéGa

Z Z d(GleBGg)(l"vU)d(al@az)(y,v)

zyeG1  wwéGa

Z Z n2dG1 + nldG2< ) 2dG1 <x>dG2 <u>] [n2d01 <y> + nldG2 (U) - 2dG1 (y)dG2 (U)]

zyeG1  wwgGa

> Y [ndda @)do,(y) + mnada, (@)da, (v) — 2nada, (7)o, (9)de (0)

zyeG1  wwéGa

minade, (y)da, (v) + nide, (u)da, (v) — 2mde, (y)de, (u)da, (v) — 2nade, ()de, (y)de, (u)
2n1dGl (x)dGz (u)dGQ (U) + 4dG1 <$>dGl (y)dGz (u)dGz (U)]

ny > > de,(@)de, (y) +nang Y. > dg, (2)de, (v)

zyeG1  wwéGa zyeG1  uwvgGa
2ny Z Z dGl dGl )dGQ + nin2 Z Z dG1 ng )
zyeG1  uwvgGa zyeG1  wwéGa
2TL1 Z Z dGz ng — 2711 Z Z dG’1 dGQ )dG2 (’U)
zyeG1  uwvé¢Ga zyeG1  wwéGa
2712 Z Z dG1 dG1 >d02 (u) — 2’/11 Z Z dG1 dG2 )dG2 (’U)
zyeG1  uvgGa zyeG1  uwwéGa

4 Z Z de, (z)de, (y)da, (u)da, (v)

zyeG1  wvéGe

7’L2 Z dG1 dG1 Z 1+n1n2 Z dG1 Z dG2

zyeGy uvgéGg zyeGy uvgéGg

2”2 Z dGl dGl Z dGz +n1n2 Z dGl ) Z dG2(u>
2y€eG uv¢G2 xy€G1 uvé¢Ga

nl Z 1 Z dG2 dG2 —2711 Z dG1 Z d02 dG’g )
zyeG1  uwvéGa ryeGy uvgéGg

2n2 Z dG1 dG1 ) Z dG2< —2”1 Z dG1 Z d02 d02 )
zyeGh uvgGa zyeGy uvgGa

4 Z dGl dG1 Z dGQ dGQ )

ryeGy uvgGa

213 Mo (G1)[27g + ng] + ning[2mia(ng — 1) + 2mg — My (Ga)| M1 (G1)

Any My (Gh) 2 (ng — 1) + 2my — My (Gy)] + ning[2ma(ng — 1) + 2my — My (G2)) M1 (Gy)
2n2my (2M2(Gs) + M1 (Ga)) — 201 [2M2(Ga) + M (G)] My (G)

Ano My (GH)[27a (ng — 1) + 2ma — My(Ga)] — 201 [2Mo(Gs) + M,y (Ga)| M1 (Gy)

SMy(G1)[2M 5(G) + My (Go)]
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= Z Z d(Gl@G2)(($7 'LL) (y> U))d(Gl@G2)(x7 u)d(G1®G2)(y7 U)

zyeG1  wweGs

= Z Z d(Gl@GQ) (‘T7 u>d(G1€BG2) (ya U)

zy€G1  uwveGy

= 23 Y [nad, () + mde, (u) — 2dg, (2)da, ()] [nade, (y) + mde, (v) — 2da, (y)da, (v)]

zyeG1  uwveGsa

=2 % o (0)doy () + minade, (0)des (v) — 2nade, (@)de; (9)des (0

zyeG1  uwveGsa

+ minade, (y)de, (u) + nide, (u)da, (v) — 2nide, (y)da, (u)de, (v) — 2nada, (v)da, (y)da, (u)
— 2mdg, (v)de, (u)de, (v) + 4dg, (7)de, (y)de, (v)de, (U)]

— {nz Y. D da(@)de(y)tmme Y Y de(x)de,(v)

ryeG1  uwveGe ryeG1  uwvEGs
— 2n2 Z Z dG1 dG1 )dGz —|—n1n2 Z Z dG1 dG2 )
zyeG1  uwveGa) ryeG1  wveGe
+ nl Z Z dG2 dG2 —2711 Z Z dG1 dG2 )dG2<U)
ry€G1  uwveGy zy€G1  uwveGe
— 2TL2 Z Z dG1 dG1 )d02 —2n1 Z Z dG1 dG2 )dG’g(U)
zyeG1  uwveGse ryeG1  uwveGs

FAY Y do@)da 1), (W)da,(v)

zyeG1  uwvelGa

= |:TL2 Z dG1 dG1 Z 14+ ning Z dG1 Z dGQ

zyeGy e zyeGy uveGy
— 2TL2 Z dG’l dG1 Z dGz +n1n2 Z dG’1 ) Z dGQ(u)
ryeGy e xyEGl uvEGs
+ 77,1 Z 1 Z dGQ dG2 )—277,1 Z dGl Z dGQ dG2 )
ryeG1  uwveGse ryeGy uveGa
— 2n2 Z dgl dG1 ) Z dGz(u)—2n1 Z dG1 Z dG2 dG2 )
zy€eGy e ry€eG1 e
4 Y dey(@)dey(y) S doy(u)de,( )}
ryeGy e

= 2 {4ngm2MQ(G1) + nlnng(Gl)Ml(Gg) — 4712M2(G1)M1(G2) + nlnng(Gl)Ml(Gg)
+ 4n%m1Mg(G2) — 471,1M1(G1>M2(G2> — 4712M2(G1)M1(G2) — 4711M1(G1)M2(G2)
4 16M2(G1)M2(G2)}

B4 = Z Z d(Gl@GQ) ((iL‘, u) (y7 U))d(Gl€BG2) (33', u)d(Gl@GQ) (ya U)
2y¢G1  uwwgGa
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Bs

>

zy¢ G
uww¢Ga,u=v
zy¢G1

ryg Gy

>

zy¢Gr,a#y

>

zy¢G,x=y

>

rygG1,x#y

>

ry¢G1,x=y

:22

zy¢G1,z#y

>

ry¢G1,0=y

2.

ry¢G1,a#£y

>

2y¢ G,y

2.

zy¢Gr,z=y

>

2y¢Gr,a#y

>

zy¢Gr,z=y

>

ry¢G1,o=y

+ 2
+ 2
= 2
+ 2
+ 2
+ 2
— 2

xngl

2.

ry¢G1,2=y

- 2

zy¢G1  uwvgGa

> 2

uwvgGa, uFtv

PO

uwv¢Ga,u=v
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>

wvéGa,u#v

Z d(Gl@GQ) ((ﬂf, U) (ya U))d(GlEBGz) (l’, u)d(ChGBGQ) (yv U)}

2.

uwwgGauFtv

>

wvéGa,u#v

>

uwwgGau=v

>

uwwéGa,u=v

2

wvéGa,u#v

>

wvéGa,u#v

2.

wvéGa,u=v

>

uvgGa,u#v

>

wvéGa,u#v

>

uvgGa,u=v

>

wwéGa,u=v

>

uvgGa,u=v

2 Z Z d(Gl@G2)(‘T’u)d(GléBGz)(yaU)
uwéGa

>

uvgGa,u=v

2B5 — 2Bg, where Bs and Bg are terms of the above sums taken in order.

YooY diceay (@ u)dceay) (Y, v)

d(G1®G2) ((ZL‘, U) (yv U))d(GﬂBGz) ("L‘7 u)d(G1®G2) (y7 'U)

dicracy) (T, 1) (Y, v))dcre6,) (T, 0)dG 06, (Y, V)
d(Gl@Gz)((a% u)(y, U))d(cl@eg)(% U)d(Gl@GQ)(Z/, v)
dicrac:) (T, 1) (Y, 0))dcec) (@, u)dGec.) (Y, v)
d(Gl@Gz)((% u)(y, U))d(Gl@Gz) (z, U)d(GI@GQ) (y,v)
d(Gl@G2)((x7 u)(y, U))d(G1€BG2) (z, u)d(G’1€BG2) (y,v)
d(Gl@Gz)((% u)(y, U)>d(G1€BG'2) (z, u)d(G’léBGg) (y,v)

dicr06,) (T, u)d(Ga6,) (Y V)

d(cr06y) (T, W d(Gia62) (Y, V)

dicroa) (7, u)dc o) (Y, v) +0

dGr06) (T, w)d(Goc) (Y, )

d(cr86,) (T, u)d(Gra62) (Y V)

d(cr06,) (T, u)d(Ge6,) (Y V)

d(c106,) (T, u)d(Gra62) (Y V)

d(G1€BG’2) (xa u)d(Gl@G2) (yv U)

d(Gl@G2) (95, U)d(Glean) (@/, U)
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%: %: nadc, () + nide, (u) — 2da, (v)de, ()] |n2de, () + nide, (v) = 2de, (y)de, (v)]

)IEEDS

zy¢G1  uwwgGa
nln?dGl (y)dGz (u) + n%dG2 (u)dGz (U) - 2n1dG1 (y>dG2 (u)dGz (U> - 2n2dG1 <x>dG1 (y)dGz (u)

2n1dG1( )dG2( )dG2< )+4dG1( )dGl( )dGQ( )dG2( )

ny > Y de(x)de, (y) +mng Y, D de (2)de, (v)

ngdGl (x)dGH (y) + nln?dGl (I)dG2 (U) - 2n2dG1 (x)dGH (y>dGz (U)

zy¢G1  uwwgGe 2y¢G1  uwwgGa
2ny Z Z dGl dGl )dG2 + ning Z Z dG1 d02 )
zy¢G1  uwwgGa zy¢G1  uvgGa
nl Z Z dG2 dG2 ) —2n4 Z Z dG1 dGQ )dGz (U)
zy¢G1  uwwgGo 2y¢G1  wwigGo
2n2 Z Z dG1 dG1 >d02 (u) — 2’/11 Z Z dG1 d02 )dG2 (’U)
zy¢G1  wwigGa zy¢G1  uwwgGa

4 Z Z dGl dGl )dGz (u)dGQ (U)

zy¢G1  wwgGo

TL2 Z dG1 dG1 ) Z 1+n1n2 Z dG1 Z dG2

zy¢G1 uv¢G2 zy¢G1 uvgéGQ
2TL2 Z dG’l dG1 Z dGz +n1n2 Z dG’1 Z dG2<u)
ry¢ G uvgGa xygéGl uvgGa
77,1 Z 1 Z dG2 dG2 )—2711 Z dG1 Z dG2 dG2 )
zy¢G1  uwwigGa zy¢G1 uvéGa
2”2 Z dGl dG1 Z dGQ( —2711 Z dG1 Z dG2 dG2 )
ry¢ G uwéGa rzy¢G1 uvéGa
4 Z de, (z)de, (y Z deg, (u)de, (v)
zy¢ Gy uwwgGa

n3[2M(Gh)) + My (Gh)| (22 + na)

nins [(nl —1)2m; — 1)+ 2m1] ((ng — 1)2my — My (G>) + 2m2)

My(Gy
2y [205(Gh) + My(Ghy ]( ny — 1)275 — My (Gy) + 2m2>
nin9 {(nl — 1)2m1 ( 1) + 2m1} <(7’LQ - 1)2m2 - Ml(@> + 2m2)
ni[2my + n][2M5(Gs) + Mi(Gs)]
2711 |:2M2(G2) + MI(GQ)] ((nl - 1)2m1 - Ml(G71) + 2m1>
I )

219 |:2M2(G1) + Mi(G1) | (ng — 1)2my — M;(G2) + 2my
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2’/’L1 |:2M2(G2) + Ml(GQ)i| <(’I’Ll - 1)2m1 - M1<G71) + 2m1>
4[2Mo(G1) + My (GY)]|[2Mo(Go) + M1 (Go)]

Z Z d(G1€9G2)(x7 u)d(G1@G’2)(y7 U)

zy¢Gi,o=y uvgGa,u=v

> > [nada, (2) + mida, (u) — 2dg, (x)de, (u)]

zy¢Gr,e=y wwg¢Ga,u=v

[nzdel (y) + mide, (v) — 2dg, (y)da, (U)}
Z Z |:ngdG1 (x)dGH (y> + nln?dGl (x)dGz (U> - 2n2dG1 (x>dG1 (y)dGQ (’U)

zy¢Gr,o=y wwg¢Ga,u=v
nln?dGl (y)dGz (U) + n%dGQ (U)dGz (U) - 2n1dG1 (y)dGz (u)dGz (U) - 2n2dG1 (x)dGl (y)dGz (U)

indGH (x)dGQ (u)dG2 (U) + 4dG1 <I>dGl (y)dGz (u)dGz (U>]
ny Y > dg (x)dg, (y) +nany Y > dg (x)dg,(v)

zy¢Gi,o=y wv¢Ga,u=v ry¢Gi,o=y uwv¢Ga,u=v
2n2 Z Z dGl (x>dG1 (y)dG2 (U) + ning Z Z dG1 (fl/)da2 (u)
2y¢Gr,e=y wwgGa,u=v ry¢Gi,o=y wwg¢Ga,u=v
DY > day(w)de,(v) =2m Y S de(9)den(u)dey (v)
ry¢Gi,o=y wvgGa,u=v 2y¢Gr,e=y wgGa,u=v
2ny ) > doy(@)da, (y)da,(u) =200 Y S dey (2)da, (w)de, (v)
zy¢Grz=y wgGau=v zy¢Gr,o=y wwg¢Ga,u=v

4 ) o de (2)de, (y)de, (u)de, (v)

ry¢Gr,e=y wwgGa,u=v

n% Z dGl <$>dGl (y) Z L+ ning Z dGl (33) Z dG2 (U>

ry¢G1,0=y uwv¢Ga,u=v ry¢G1,x=y uv¢Ga,u=v
2ny Z dGl ('I)dGl (y) Z dG’2 (U) + ning Z dG1 (y) Z dGQ (u)
zy¢G1,x=y uvgGa,u=v zy¢Gi,0=y uvgGa,u=v
n% Z 1 Z dGZ (u)dGQ (U) —2m Z dGl (y) Z dGQ <u>dG2 (U)
zy¢G1,0=y wwéGa,u=v 2y¢G1,x=y uv¢Ga,u=v
2n, Z dGl (x)dGl (y) Z dG2 (u) —2m Z dGl (I‘) Z dG2 (u)dGz (U>
zy¢G1,x=y wwéGa,u=v ry¢G1,0=y uvgGa,u=v
4 ) de(@)da(y) Y. day(u)de,(v)
rygGi,x=y uwvEGa,u=v

nng (Gl) + 4n1n2m1m2 — 4n2m2M1(G1) + 4n1n2m1m2

n‘;’Ml (Gg) — 4n1m1M1(G2) — 4n2m2M1 (Gl) — 4n1m1M1(G2) —+ 4M1 (G1>M1 (Gg)
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2XGUt(G1@G2) = Bl+BQ+B3—|—B4
= B1+ By + B3+ 2B5 — 2Bg

By substituting By, B, Bs, Bs and Bg, the desired result follows after simple calculation.
]
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