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Abstract

The inverse sum indeg matrix A;g7(G) of a graph G is defined so that its (i,j)-entry

. did; . . .
is equal to ;-7 for the vertex v;u; and O otherwise. We discuss some properties of
i T

the spectral radius of Argr. The inverse sum indeg energy Ers;(G) of a graph G are
established. Upper and lower bounds of Ejg; are derived. Finally, we derive a relation
between Erg; and some topological indices.
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1 Introduction

In this paper, all graphs are assumed to be finite simple graphs. A graph G = (V, E) is a simple
graph, that is, having no loops, no multiple and directed edges. We denote n to be the order
and m to be the size of the graph G. For a vertex v € V/, the open neighborhood of v in a graph
G, denoted N (v), is the set of all vertices that are adjacent to v and the closed neighborhood
of vis N[v] = N(v) U {v}. The degree of a vertex v; in G is d; = d(v;) = |N(v;)|. A vertex
of degree one is called pendant vertex. A graph G is said to be k-regular graph if d(v) = k for
every v € V(G). The distance d(u,v) between any two vertices u and v in a graph G is the
length of the shortest path connecting them. A coloring of a graph is an assignment of colors
to its vertices so that no two adjacent vertices have the same color. The chromatic number
is defined as the minimum number of colors assigned to the vertices of a graph. All the defini-

tions and terminologies about the graph in this paragraph are available in [11].

The concept energy of a graph was introduced by Gutman [8], in (1978). Let G be a

graph with n vertices and m edges and let A(G) = (a;;) be the adjacency matrix of GG, where

- 1, if viv; € E,
“ 0, otherwise.

The eigenvalues A\, Ao, ..., A, of a matrix A(G), assumed in non-increasing order, are the
eigenvalues of the graph G [3]. Let A\; > Xy > ... > )\, for ¢t < n be the distinct eigenvalues
of G with multiplicities my, ma, ..., m;, respectively, the maximum absolute value of the
eigenvalues of G is called the spectral radius of the graph G, the multiset of eigenvalues of
A(QG) is called the spectrum of G and denoted by

Sp(G) =

my Mo ... Ny

VIS VIR )\t]

As A is real symmetric matrix with zero trace, the eigenvalues of GG are real with sum equal
to zero. The energy E(G) of a graph G is defined to be the sum of the absolute values of the

eigenvalues of G [8]], i.e.,
E(G) =3I\l
i=1

For more details on the mathematical aspects of the theory of graph energy we refer to [, (7, 3]

and the references therein.



Inverse Sum Indeg Energy of a Graph 29

The eccentricity extended energy E...(G) of a graph G, was defined by Sowaity et al. [20]],
to be the energy of the eccentricity extended matrix A...(G) of a graph G. They also studied
some bounds of FE..,(G) of a graph G. For details about other energies the authors advice to
see [[17, (18,19} 21].

The inverse sum indeg index /SI(G) of a graph G was defined by K. Pattarbiraman

d;d,
di+d;°

significant predictors of phisicochemical properties of total surface area of octane isomers and

[15] as the sum of the terms

for v;v; € E and O otherwise, which was selected as

for other external graphs obtained with help of Mathematical Chemistry have a particularly
simple elegant structure [22]]. Motivated by this, we introduce the inverse sum indeg matrix
Ars1(G) of a graph G and derive the inverse sum indeg energy Es7(G) of G. For details see
(6} 16].

The classical first and second Zagreb indices which were introduced by Gutman and Trinajestic
[10], in 1972 and elaborated in [9]]. They are defined as:

i=1

viv; €E(G)
The general Randi¢ connectivity index is defined as [2} [13]:

Ry =Ro(G) = > (did;)"

vivjEE

where « is real number.
The harmonic index H (G) of a graph GG was introduced by L. Zhong [23]], and defined as:

2 Inverse sum indeg energy of graphs

In this section, we define the inverse sum indeg matrix A;¢;(G) of a graph G. The inverse sum
indeg energy E;s;(G) are established, and we discuss some properties of the spectral radius
of Arsr(G). The starting is with the definition of A;g;(G) which is explained in the following

definition.

Let G be a graph with n vertices. Then the inverse sum indeg matrix A;s;(G) of G, is
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defined as A;s;(G) = (s;;), Where

did;
D B =~ if viv; € B,
iJ — .

0, otherwise.

The characteristic polynomial of the inverse sum indeg matrix A;s;(G) is defined by
P(G,¢) = det(CI — Ars1(G)),

where [ is the identity matrix of order n. The eigenvalues of the inverse sum indeg matrix
Ars1(G) are the roots of the characteristic polynomial.

Since A;s;(G) is real symmetric with zero trace, its eigenvalues must be real with sum equal
to zero, i.e., trace(Ars;(G)) = 0. We label the eigenvalues (i, (s, ..., (, in a non-increasing
manner (; > (3 > ... > (,,. The inverse sum indeg energy of a graph G is denoted by E;s;(G)

and defined as the summation of the absolute value of the eigenvalues
Ersi(G) =Gl
i=1

The following example explain the concept.

Let GG be the graph as in Figure 1.

3 5
Figure 1: G

Then the inverse sum indeg matrix of G is

Arsi(Gh) =

O O O =uoe O
O O vwalos O To
O O O Duloe =
O O wlw ©O O O
O O wlw ©O O O

Blwklw O O viw O
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The characteristic polynomial of A;g;(G) is

P(G1,¢) = [¢L — Arsi(Gh)|
= (% — 7.255¢* + 2.88¢* + 6.615¢* + 3.24C.

The inverse sum indeg eigenvalues of G, are
(1 =2.692, ¢, =1.044, (3 =0, ¢4 = —0.521, (5 = —1, (g = —2.214.

Therefore the inverse sum indeg energy

Eis1(Gy) = 7472,

The folowing results are useful in the subsequent section

Lemma 2.1. [12] Let B = (b;;) and H = (h;;) be symmetric, non-negative matrices of order

n.If B> H,ie., b;; > h;; foralli, j, then p;(B) > p;(H), where p; is the largest eigenvalue.

Lemma 2.2. [4] Let GG be a graph of order n with m edges. Then

A > —
n

with equality holding if and only if G is regular graph.

Lemma 2.3. [5] If G is a graph with n vertices and chromatic number Y, then

n

> .
X_n—)\l

3 Some results on inverse sum indeg spectral radius
Theorem 3.1. Let G be a r-regular graph. Then

r
A[s] = 514

Proof: Let GG be a r-regular graph. Then

dzd 7’2 ..
Sij = W = ? = 57“, for all 1,] = 1,2,...,77,.

Thus, the result follows. [ |
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Theorem 3.2. Let G = K, ; be a complete bipartite graph. Then

ab
a+b

Arsr =

Proof: Let GG be a complete bipartite graph. Then for any two adjacent vertices

d;d; ab .
T +de N a+b’f0ral“"7 =Lh2 .
Thus,
ab
A =
BSE= 0 1

Corollary 3.3. For the regular complete bipartite graph K, ,

a
A[S] - §A

Theorem 3.4. Let GG be a graph with n vertices and m edges. If G has no pendent vertex, then

GG) > > 0

with equality if and only if G is a cycle.

Proof: Let GG be a graph of order n and size m. Assume that G has no pendent vertex, then
d; > 2foralli =1, 2, ..., n. Thus

did; >1
di+d;

Hence

Arsi(G) > A(G).

Thus, by using Lemma [2.1], the result follows.

To show the equality, let (; = A\ = 27’" Then, by using Lemma we get that G is regular,
which comes from A\ = 277”

Let(; =)\ = 277”, then A;g; = A, which holds if and only if d; = d; = 2, for all v;v; € E.
Hence G is a cycle.

If we assume that (G is a cycle, then easily we can get the result. [ |
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Theorem 3.5. Let (G be a star or union of stars. Then
G(G) < v

Proof: Let GG be a star or union of stars. Then for any two adjacent vertices there is at least

one pendent vertex. Thus, if v,v; € E, thend; = lord; = 1foralli =1, 2, ..., n, which
implies for all v;v; € E/
d;d;
— < 1.
d; +d; —

Hence, A;s; < A, and by using Lemma2.1] we get

G < A

4 Bounds for inverse sum indeg energy

In this section, we give some upper and lower bounds for the inverse sum indeg energy
E151(G) of a graph G.

Theorem 4.1. Let G be a graph of order n and size m. Then

A
E[S](G) < %\/nm.

Proof: Let GG be a graph with n vertices and m edges. By using Cauchy-Schwartz inequality

Ersi < \|n ) ¢
\"&
B did;
R UgéE(dierj)
A2
< |n
= UigE (25)2
A
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Corollary 4.2. Let G be a r-regular graph. Then

n /r
P <0
151_2 9

Theorem 4.3. Let G be a graph of order n > 2 and size m. If G is union of stars, then

Bro < J (n—1) [”A“ e ﬂ,

442 X2

where  is the chromatic number of G.

Proof: Let GG be a graph of order n > 2 and size m. If G union of stars, then by using Theorem

53
G < A (D)
Now,
&Mzimhwwéym @

By Cauchy-Schwartz inequality

6, (-D3 ¢ )
But,

iﬁziﬁ—d @
Also,

)
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By Lemmal[2.3]

n(x —1)
Tn—»MN o X

X> <=>/\1<

Thus, from|[I] we get

o< Mx=1
B X

Hence, by substituting[5]in 4] {]in 3] and [3|in 2] we get

E151§C1+J(n—1) Bg‘;—g%].

By substituting [7]in[8], we get the wanted result.

Theorem 4.4. Let GG be a nonsingular graph with n vertices and m edges. Then

Ers51(G) > (1 +n—1+In|det(Arsr)| — Ind;.

Proof: Since G is nonsingular graph, then |(;| > 0 foralli = 1,2, ..., n.

35

(6)

(7)

®)

If we consider the function f(x) = x —1—In x. Then easy calculations give f(x) is decreasing

on 0 < z < 1 and is increasing when x > 1. Also we have f(1) =0, so

f(x) >0, forz>0.
Applying f(z) on E;g7, we have
Ers1(G) = il |Gl
=G+ XZ; |Gil
> Gk (1 )
=C1+n—1+§;ln G|

=2
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H?:l Cz

1

=1

=(G+n—1+In| |

— C1 +n—1+ In ‘det(A[S](GH —In Cl‘

5 Relation between E;5; and some other topological indices

By using the Gershgorin disc theorem, the following result follows.

Let G be a graph of order n and size m. Then

Ersi(G) < ISI(G).

Theorem 5.1. Let G be a graph of order n and size m. Then

1
< —Ms.
Ers1(G) < 25M2

Proof: Let GG be a graph of order n and size m. Then from Observation

d;d;
Es1(G) < < d;d;.
Thus, .
Ersi < %Mz

Theorem 5.2. Let GG be a graph of order n and size m. Then

Ers1(G) < A;H(G)-

Proof: Let G be a graph of order n and size m. Then from Observation 3]

d;d,;
Ersi(G) < ) Grd S A? Z

vivj€E viv;€EE

+d]
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Hence,
AQ
Ergr < TH(G)'

Theorem 5.3. Let G be a graph of order n and size m. Then

Esi(G) > ¢ 2152R2(G) +n(n — 1)det(Arsy),

where Ry(() is the general product-connectivity index with v = 2.

Proof: Let GG be a graph of order n and size m. By using the Arithmetic mean, Geometric

mean inequality,

Byz2 Y A4 un o]
v v ER (dl + dﬂ) i=1
1 n
>2— > (did))? +n(n—1) ][ &
46° vv;€E =1
1 n

= @Rz(G) +n(n -1 ]G

=1

Thus, the result follows. [ |
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