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Abstract

In this paper we define the Laplacian of quotient of Randi¢ and sum-connectivity en-
ergy of a graph.Then we compute the Laplacian of quotient of Randi¢ and sum-connectivity
energies of complete graph, star graph, complete bipartite graph, the Crown graph, the
(S N Py) graph.
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1 Introduction

In [6] we define quotient of Randi¢ and sum-connectivity energy of a simple graph G as
follows. Let a and b be two nonnegative real number with a # 0. The quotient of Randi¢ and

sum-connectivity adjacency matrix of G is the n x n matrix A,,s = (a;;) where

0, ifi = j,

-1

Q5 = a(d;+d;)
b(d;dj)

0, if the vertices v; and v; are not adjacent.

if the vertices v; and v; are adjacent,

The eigenvalues of the graph G are the eigenvalues of A,,;. Since A, is real and symmetric,

its eigenvalues are real numbers which are denoted by A\, Ao, A3, ..., A\, where \; > Ay >
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A3 > ... > \,. Then the Quotient of Randi¢ and sum-connectivity energy of G is defined as

Eprs(G) =2_ | M-
i=1

In 2004, D. Vukicevi¢ and Gutman [5] have defined the Laplacian matrix of the graph G,

denoted by L = (L;;), as a square matrix of order n whose elements are defined by

5@'7 if 1 = j,
Lij =4 -1, if i # j and the vertices v;,v; are adjacent,
0, if 7 # j and the vertices v;,v; are not adjacent,
where 9; is the degree of vertex v;. The eigenvalues pq, o, . .., i, of L, where pg > pg >

-++ > u, are called the Laplacian eigenvalues of GG. In 2006, Gutman and B. Zhou [2] have
defined the Laplacian energy of LE(G) of G as

n 2m

i — ——
n

i=1

where m is number of edges and n is number of vertices of G.

Motivated by these works, we introduce the Laplacian of Quotient of Randi¢ and sum-
connectivity energy of a simple graph G as follows. Let a and b be two nonnegative real
number with a # 0. The Laplacian of quotient of Randi¢ and sum-connectivity adjacency

matrix of G is the n x n matrix A;,,.; = (a;;) where

67La ifi = j7
a;j = ﬁ, if the vertices v; and v; are adjacent.
V o(didy)
0, if the vertices v; and v; are not adjacent.
where 9; is the degree of vertex v;. Where p; > pug > -+ > u, are called the eigenvalues of

Aigrs. Then Laplacian of Quotient of Randi¢ and sum-connectivity energy of G is

n

Eigra(G) = >

i=1

2m
i — —
n

where m is number of edges and n is number of vertices of G.
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2 Laplacian of Quotient of Randi¢ and sum-connectivity energies of some
families of graphs

We begin with some basic definitions and notations.

Definition 2.1. [3]] A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by /,,.

Definition 2.2. [1] The Crown graph S° for an integer n > 3 is the graph with vertex set
{ur,ugy ..., Up,v1,02,...,0,} and edge set {uv;;1 < i,j < n,i # j}. SO is therefore
equivalent to the complete bipartite graph /&, ,, from which the edges of perfect matching have

been removed.

Definition 2.3. [3]] A bigraph or bipartite graph G is a graph whose vertex set V' (G) can be
partitioned into two subsets V; and V5 such that every line of G joins V; with V4. (V4,143) is a
bipartition of GG. If G contains every line joining V; and V5, then G is a complete bigraph. If

V1 and V5 have m and n points, we write G = K, ,,. A star is a complete bigraph K ,,.

Definition 2.4. [4] The conjunction (S,, A ) of S,, = K,, + K, and P, is the graph hav-
ing the vertex set V'(S,,) x V(%) and edge set {(v;, v;)(vy, v))|vivr, € E(Sy) and vju €
E(Py)andl1 <ik<m+1,1<j1<2}.

Now we compute Laplacian of Quotient of Randi¢ and sum-connectivity energies of com-
plete graph, star graph, complete bipartite graph, the Crown graph, the (.S,, A P,) graph.

Theorem 2.5. Let a and b be as defined above. Then the Laplacian of Quotient of Randi¢ and

b(n2)2

sum-connectivity energy of the complete bipartite graph £, ,, is 2 )

Proof: Let the vertex set of the complete bipartite graphbe V (K, ,,) = {u1, ug, ..., Up, V1, V2, . ..

Then the Laplacian of Quotient of Randi¢ and sum-connectivity matrix of complete bipartite

graph is given by
N
Agrs = b(z 5 : 5 a’g;"j;) Iggfi)
rrce= BN ey n 0
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Its characteristic polynomial is

_ _ b)) g7
(A—=n)1, a(n+n)J

N — Ayrs| =

— /Ay (A =),

a(n+n)

where J is an n X n matrix with all the entries are equal to 1. Hence the characteristic equation

_ [b(%) T
Al, 1/a(nM)J 0

) (A —n)I,

a(n+n)

is given by

where A = )\ — n and which can be written as

S N U IR T N LW B 1) |
AL ( a(n+n)J>A( a(n+n)J)‘ 0.

On simplification, we obtain

An—n

( (ab(g:g)N) )n

AL,

a(n+n)

AL, — JJ*
b(n?)

= 0

which can be written as
A a(n+n)

o P (
()" b(n?)

A% =0

where P;;r () is the characteristic polynomial of the matrix ,,/,,. Thus, we have

A" a(n+n) a(n +n) _
A2 2 A2 n—1 0
ey ) A )
which is same as -
An+nf2(A2 . b(” ) ) 0
a(n+n) ‘
Therefore, the spectrum of K, ,, is given by
b(n2)2 _ | b(n2)2
Spec (Kn,n> = " n a(n+n) " a(n+n) .
n+n—2 1 1

Hence the Laplacian of Quotient of Randi¢ and sum-connectivity energy of the complete bi-
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partite graph is

- 2m
Elqm(Kn,n) = Z i — ——
i=1 n
Eigrs(Kn,n) = 2 b((:i)s) as desired. .

Theorem 2.6. Let a and b be as defined above. Then the Laplacian of quotient of Randi¢ and
sum-connectivity energy of the 5,, is

(n —2)2 n? —2(n—1) B \/n3a74(n71)(anfb(n71)) A

Elq'rs (Sn) =
2na

n 2na n

nzf n — n3a7 n — an — n —
N 2( 1>+\/ A(n —D(an —bn - 1) |

Proof: Let the vertex set of star graph be given by V' (S,,) = {v1, va, ..., v,}. Then the Lapla-

cian of quotient of Randi¢ and sum-connectivity matrix of the star graph S,, is given by

b(n—1) b(n—1) b(n—1) b(n—1)
—1 \/ \/ T an an
b(n—l) L 0 0
be=l) 1 - 0 0
Alqrs = .an
b(n—1) 0
b(n—1) 0

Hence the characteristic polynomial is given by

A—(n—1) —/bte=t _ Joe=h) o bes])
-/l - 0
‘)‘I_Alqrs’: - b(:;;l) 0 A—1
—,/He=b) 0 0 A—1
vo—-1 =1 - =1 -1
-1 u 0 0 O
o=\ | -1 0 g 0 0
N an : ’
-1 0 0 po 0
-1 0 0 0 u




where p = (A_l)\/ b(r?ﬁl) andy = ()‘_(n_l»\/ b(sﬁl)' Then |>‘I_Alqrs| = (i) (
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voo—1 -1 1 -1
1 u 0 0 0
~1 0 u 0 0
where ¢, (1) = .
-1 0 0 T
-1 0 0 0 pu

bn—1) \
a(n)

Using the properties of the determinants, we obtain after some simplifications

Gu(1t) = (un1(p) — p"?)

Iterating this, we obtain
On(p) = "2 (py — (n = 1))

Therefore
7 gl = () (1 - 1) = (- ) - 1y e
— Agrs| = —_— — )\ = —(n — —(n — — —_— .
a an b(n—1) an
Thus the characteristic equation is given by
b(n —1)?

A-D)"2(A=-1D)A=-(n—-1)——=|=0

=1 (= DO - 1) - 2
Hence

n3a—4(n—1)(an—b(n—1)) _/n3a—4(n—1)(an—b(n—1))
Spec (Sy,) = Lont \/ 2na " \/ 2na
n—2 1 1
Hence the Laplacian of quotient of Randi¢ and sum-connectivity energy of .5,, is
Eigrs(Sn) = (n —2)2 n n2—27in—1) +\/n3a—4(n—;i(:n—b(n—1) + n2—27in—1) B \/n3a—4(n—;)1(:n—b(n—l) A
[ |

Theorem 2.7. Let a and b be as defined above. Then the Laplacian of quotient of Randi¢ and

sum-connectivity energy of K, is 2(n — 1) % .

Proof: Let the vertex set of Complete graph be given by V' (K,) = {v1, v, ...,v,}. Then the

Laplacian of quotient of Randi¢ and sum-connectivity energy of matrix of the complete graph
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K, is given by

Alqrs =

(n—1)2b
n—1 a2(n—1)
(n—1)2b
a2(n—1) n—1

\/(n—l)Qb \/(n—1)2b
a2(n—1) a2(n—1)

Hence the characteristic polynomial is given by

A — Aigrs| =

|

where o= ()\ — (n - 1))\/@ Then ’)\I - Alqrs| = ¢n(#) <
-1 -1 ---

[
-1 pu

1
—1
—1
where ¢, (1) =
—1
—1

-1 -1
-1 -1

n—1)2b
A—(n—1) - C(LQ(nl—)n
n—1)2b
B ((12(n—)1) A=(n—1)
(n—1)2b (n—1)2b
"\ a2(n—1) T\ a2(n—-1)
o -1 -1
. -1 pu -1
(n—1)% -1 -1 pu
a2(n —1) SR
-1 -1 -1
-1 -1 -1

-1 -1
-1 -1
-1 -1
woo—1

-1

—1

-1

—1

(n—1)2\ "
a2(n—1) > >
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po—1 -1 -+ —1 -1 po—1 -1 -+ —1 -1
1 u =1 - =1 -1 -1 pu -1 - =1 -1
~1 -1 u - =1 -1 -1 -1 u - =1 -1

=(p+1| . . R I N (72 S O B L
~1 -1 =1 - u -1 1 -1 =1 -+ u -1
1 -1 —1 -+ —1 —1 ~1 -1 =1 - =1

(i) = —(u+ 1"+ (1) [(p+ D" (1 — (n = 2))]
= —(p+ )"+ (p+ )" (= (n - 2)).

Iterating this, we obtain
() = p" (1 = (n — 1)),

Thus the characteristic equation is given by

(“‘”%)<u+m”%u—m—1»:o

a2(n —1)

Hence the Laplacian of Quotient of Randi¢ and sum-connectivity energy of K, is

Elqu(Kn) - En:

Theorem 2.8. Let the vertex set V' (S2) of the crown graph be given by

V(S2) = {uy,ug, ..., Un, V1,02, ..., U}

Then the Laplacian of quotient of Randi¢ and sum-connectivity energy of the crown graph

isd(n — 1)/ 20,

Proof: The Laplacian of quotient of Randi¢ and sum-connectivity energy matrix of crown
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graph is given by
b((n=1)2) b((n—1)2)
n—1 0 0 0 M CICEI)) FIC(CEE)]
_ b((n—1)2) b((n—1)2)
0 n—1 0 PICTEE=I)) 0 L
_ b((n—1)2) b((n=1)2)
B 0 0 n—1 ¢a(2(n71)) ¢a(2(n71)) 0
lgrs =
b((n—1)2) b((n—1)2)
0 a(27(Ln—1)) a(;én—l)) n—1 0 0
b((n—1)%) b((n=1)2)
a(@(n=1) 0 TG 0 n—1 0
b((n—1)2) b((n—=1)2)
\/a(2(n71)) \/a(2(n71)) 0 0 0 n_1

Its characteristic polynomial is

b((n—1)2)
A= (n =D)L, —/ 2o g
(

b((n—1)2)
UK (A= (n— 1),

N — Ajyrs| =

where K is an n X n matrix. Hence the characteristic equation is given by

_ om—02) ot
AL RIS

[b((n—=1)%)
a(2(n—1))K AI”

Where A = (A — (n — 1), this is same as

=12 N e [ | W((n=1)%) p)| _
Al ( a(2(n—1))K) A ( W21 )‘ 0

which can be written as

Bn— 1D\ a@mn-1) .
(a@(n - 1>>> Prerer (GG —y2) 4 =0

=0.

AL

where Py () 18 the characteristic polynomial of the matrix K K T Thus we have

Hn—12)\" @@ =1) 1 a@n=D)
<a<2<n—1>>> B =)~ VG U =0
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which is same as

Therefore

b(n—1)% b(n—1)3 b(n— b(n—
Spec(sg):( Lt n=1) -/ -1 VR —1) /ML (1)
1

1 1 n—1 n

Hence the Laplacian of quotient of Randi¢ and sum-connectivity energy of crown graph is

Egrs(S%) = 4(n — 1)\/% as desired. n

Theorem 2.9. Let a and b be as defined above. Then the Laplacian of Quotient of Randi¢ and
sum-connectivity energy of (S, A P») is

2n —4)(2 —n) o
n

n272(n71)+\/n3a74(n71)(anfb(nfl)) o

n

n? —2(n—1) 7\/n3a74(n71)(an7b(n71))

n

2na 2na

Proof: Let the vertex set of (S, A P») graph be given by V' (S,, A Py) = {v1,vs,...,Vami2}

Then the Laplacian of Quotient of Randi¢ and sum-connectivity matrix of (.S,,, A P) graph is

given by
0 1 0 o) g 0
0 0 1 b(n=1) 0
Aigrs = b(n—1) b(n—1) -

0 . n—1 0

tosl) 0 0 1

b(n—1) .. .
= 0 0 0 1 L),

where m + 1 = n. Its characteristic polynomial is given by

[b(n—1) [b(n—1)
A-(n-1) 0 0 0 - an - an

0 A-1 0 —y/Yn=b)

an

IAT— A | 0 0 A—1 _,/% 0 0
— Algrs =
0 ,,/M — b(n—1) A—(n—1) 0 0
an an
_1/M 0 0 0 A—1 0
an

_‘/M 0 0 0 0 A—1
an 2nXxX2n

) |
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Hence the characteristic equation is given by

v 0 0 O
0 A 0 -1
2n
b(n—1) 0 0 A -1
an 0 -1 -1 x
-1 0 0 O
-1 0 0 O
where A = 0 T_Lal)b()\ — Dandy =
Let
v 0 0
0 A O
0o 0 A

omM)=| 0 0 0

0 —1 -1
-1 0 0
-1 0 0
¥y 0 0 0
0 A 0 0
0 0 A 0
=(=1)"™"Al' 0 0 0 --- A
0 —1 -1 —1
-1 0 0 0
-1 0 0 0

o

—1
0
0
=0
0
0
A 2nXx2n
(A= (n—1))
-1 -1
0 0
0 0
0 0
0 0
A 0
0 0
-1 -1
0 0
0 0
0 0
0 0
0 0
0 A

2nx2n

(2n—1)x(2n—1)

11
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0 0 O
A 0 O
0 A O

+(=D)*2 0 0 0
-1 -1 -1

Let

A

(2n—1)x(2n—1)

(2n—1)x(2n—1)

Using the properties of the determinants, we obtain, after some simplifications

Uy 1 (A) = —A"20,,(A)

o O >

0 0
A0
where O,,(A)= 0 A

-1 -1 -1

Then

g

nxn

¢2n(A) == _An72@n(A) + A¢2n_1(A).

Now, proceeding as above, we obtain

¢2n71(A) _ <_1)(2n71)+2qj2n72<A) + (_1)(2n71)+(2n71)A¢2n72(A)

= —A"30,(A) + Adan_a(A).
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Proceeding like this, we obtain at the (n — 1) step

G2a(A) = —(n = DA"20,(A) + A" Ve, (M)

v 0 0 0
o A 0 - —1
where £, 1 (A) =0 0 A -1
0 -1 -1 .- A (n+1)x(n+1)
2n(A) = —(n—=1A"O,(A) + A" 10, (A)

= —(n—DA"O,(A) + A" O,(A)
= (A" 'y —(n—1)A")0,(A).

Using the properties of the determinants, we obtain

On(A) = A"y — (n— 1)A"?

Therefore
Gon(A) = (A" 'y — (n — 1)A"?)?

Hence characteristic equation becomes

( bl — ”) Dun(A) = 0

an

which is same as

an

( 7b(n — 1)) (A" ly —(n—1DA" 32 =0

This reduces to

N (L (A= )(A=(n—1)) = (n—1))>=0
(G (= D= (= 1) = (0 1)
Therefore
n3a—4(n—1)(an—b(n—1)) _/n3a—4(n—1)(an—b(n—1))
Spec ((Sm N P2)) = Lot \/ 2na " \/ 2na
2n —4 2 2

|

13
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Hence the Laplacian of Quotient of Randi¢ and sum-connectivity energy of (.S,, A P,) graph is

n

ElQTS((Sm N PQ)) = Z

=1

2m
i — ——
n

(2n —4)(2 — n) o

Elqrs((sm/\P2>) = +2

n? —2(n—1) n \/n3a —4(n —1)(an — b(n — 1))

n

n2 —2(n—1) _ \/n3a—4(n—1)(an—b(n—l)))

n

2na 2na
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