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Abstract

The topological indices are useful tools to the theoretical chemists that are
provided by graph theory. They correlate certain physicochemical properties such
as boiling point, strain energy, stability, etc. of chemical compounds. In this paper,
we consider new graph invariants, based on the eccentricities of all the neighbors
of a vertex in a graph, and so-called the neighborhood eccentricities indices. The
neighborhood eccentricities indices of some chemical graph is calculated.
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1 Introduction

Throughout this paper, we consider the connected, undirected simple graph. The basic

definitions and concepts used in this study are adopted from [1, 9].

Given a graph G = (V(G), E(G)), the cardinality |V (G)| = n of the vertex set V(G)
is the order of G. The neighborhood of a vertex v € V(G) is defined as the set N(v)
consisting of all vertices u which are adjacent with v.The degree of a vertex v in a graph GG
denoted by deg(v) is the number of its neighbors, that is, deg(v) = |N(v)|. The distance
d(u,v) between any two vertices u and v of G is the length of the shortest path (number

of edges) joining them. The eccentricity of a vertex v, denoted e(v), in a graph G, is the
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distance between v and a vertex farthest from v, that is, e(v) = maz{d(v,u) : u € V(G)}.

The topological indices are the useful tools to the theoretical chemists that are pro-
vided by graph theory. A topological index is a real number related to a graph. These are
graph invariants. In mathematical chemistry, these are known as molecular descriptors.
Topological indices are the mathematical measures which correlate to the structures of
any simple finite graphs. It does not depend on the labeling or the pictorial representa-
tion of a graph. The vertices and edges of molecular graphs correspond to the atoms of
the compounds and chemical bonds, respectively. Topological indices play a vital role in
mathematical chemistry specially, in chemical documentation, isomer discrimination and
correlate certain physicochemical properties such as boiling point, strain energy and sta-
bility etc. of chemical compounds. It studies Quantitative structure activity (QSAR) and
structure property (QSPR) relationships that are used to predict the biological activities

and properties of the chemical compounds.

The oldest molecular index is the one put forward in 1947 by Wiener [16], and defined

as the sum of distance between all pairs of vertices of a graph G, that is

W =>"d(v;, v)).

1<J

The first and second Zagreb indices have been introduced by Gutman and Trinajesti

[8], and are defined as:

MG = Y deglu)

ueV(G)
My(G)= > deg(u)deg(v).
weE(G)
In an analogy with the first and the second Zagreb indices, M. Ghorbani et al. and D.
Vukicevic et al. define the first E;, and the second FEy, Zagreb eccentricity indices by
[4, 15]

weE(G)

The total eccentricity of the graph G [2, 14], denoted by £(G), is defined as the sum of



On Neighborhood Eccentricities Indices of Graphs 3

eccentricities of all vertices of graph G, that is

veV(G)

Sharma, Goswami and Madan [13] introduced the eccentric connectivity index and
which they defined as

§(G) = > deg(v)e(v).

veV(G)
For further study and literature related to the eccentric topological indices, see references
6, 10, 12, 17].
In [5], Graovac et al. defined the fifth M-Zagreb indices as

MG(G) = 3 (S(u)+5(v))

weFE(G)

MyGs(G) = Y S(u)S(v).

weE(G)

Where S(v) = > deg(u).

ueN (v)

A new version of Zagreb index called fifth M3-Zagreb index is defined by Kulli in [11],

MsGs(G) = Y |S(u) = S(v)].

weE(G)
In literature, mathematical chemists used combinations of vertex degree, edge degree,
vertex eccentricity, open neighbourhood degree sum, etc., to define several topological
indices and to study their applications in chemistry. Recently, S. Ediz [3], in 2017,

introduced S-indices of connected graphs, throughout of them the first S-index of G
defined as;

Si(G) = > s(v)

veV(G)
where s(v) = [M, — S,|,S, = > deg(u) and M, = [[ deg(u).
u€N (v) u€N (v)
In this paper, motivated by the S-indices of graphs, we investigate the effect of the
eccentricities of the neighbours vertices along with the vertex itself, we proceed to intro-
duce new version of topological indices of a connected graph GG based on the eccentricities

sum and the eccentricities product of the open neighbourhood of a vertex in a graph, and
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so-called them the first, second and third neighborhood eccentricities indices (in short
N.-indices) of a graph G and denoted them by N}(G), N*(G) and N2(G), respectively.

The exact formulas of N!(G) for some chemical graphs is computed.

2 N.-degrees and N.-indices of a graph

For a vertex v € V(G), the open neighborhood of v in G, denoted N (v), is the set of all

vertices that are adjacent to v. For a vertex v, T, = > e(u), and W, = [] e(u).
ueN (v) u€EN (v)
The N.-degree of a vertex v of a connected graph G defined as

dpe(v) = |W, — T,

Lemma 2.1. For a nontrivial connected graph G and a vertex v € V(G),

1. If deg(v) = 1, then d,.(v) = 0.

2. If deg(v) = 2, then d,.(v) = 0, if and only if e(u) = 2, for every u € N(v).

Definition 2.2. The first, second and third neighborhood eccentricities indices of a graph
G are defined as

N(G)= 3 due(v).

veV(G)
NA(G) = Y dpe(u)dne(v).
weFE(G)
NJ(G) = Z dne () + dpe ().
weFE(G)

3 N!-indix of cycloalkenes

We denote a cycloalkene having n carbon atoms and 2n—2 hydrogen atoms by C2"~2. The
molecular graphs of them are obtained by attaching 2n—2 pendant vertices corresponding
to hydrogen atoms to vertices of a cycle corresponding to carbon atoms as shown in Figure
1.
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Figure 1: A cycloalkene and its graph model

Theorem 3.1. For n > 3, the first T index of a cycloalkene molecular graph is given by

n® | 5nt 3_n2 _ : : )
5+ T 2n 5 —38n, if n is even ;

Ve -

n® | nt 3 _b5n? _ 5Tn 21 ;
5t 5 +t2n 5 ¢ + %, ifn is odd.

Proof: The cycloalkene molecular graph C2"~2 has 3n — 2 vertices including two vertices
(namely, C} and Cy) of degree three, n — 2 vertices Cs5, Cy, ..., C,, of degree four and cor-
respond to the carbon atoms of cycloalkenes and the remaining 2n — 2 vertices (namely,
H's) are end vertices with and they correspond to hydrogen atoms of cycloalkenes. Thus

we have the following cases:

Case 1: If n is even, then ¢(C;) = 5 + 1, for 1 <i<nand e(H) = § + 2.
Since, deg(H) = 1. Then by Lemma 2.1, d,.(H) = |Wyg — Ty| = 0, for every H €
V(C2-2),
The vertices C and Cy of carbon atoms has 3 neighborhood vertices, that two vertices

of carbon atoms and one vertex of hydrogen, so for ¢+ = 1,2

n n n
To, =Ty ==+ 145 +14- 42

2 2 2
3n
=~y
2 T
n n n
We, = We, = (5 + 1)(5 + 1)(5 +2)

3

n 5 . ON
= — — + 2.
8—|—n+2—|—
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Hence,

dne(cl) = dne(CZ) = |WC1 - TCll

3
n 5 . oM 3n
p— — —_— 2_4 _4
|8+n-+2—+ 5 \
3
:%+n2+n—2. (1)

Since every vertex C}, for 3 < i < n of carbon atoms has four neighbors, that two vertices

of carbon atoms and two vertices of hydrogen, so for 3 < i < n,

n n n n
To, == +1+-+14+-+2+- +2
co=gtltg it 2o+

= 2n+ 6,

Wo, = (5 +D(5 + D(5 +2)(5 +2)

nt 5, 3n®  13n?

+dn—2. (2)

By collecting d,.(H) and d,.(C;), for 1 < i < n, from Equations 1 and 2, we get the

following result

NA(CR ) = D due(v)
veV(CI2)
2n—2 n

= 3 el + 3 doe(C

= (20— 2o (H) + 20, (C1) + 3" e (C)

i=3
3 4 33 132

:0+2(%+n2+n—2)+(n—2)(%+n2+%+ 4” +4n — 2)
n? n®  5nt  Tn®  bn?
=— 4+ +2n -4+ —+ —+ — - — —10n+4.
4+n+n +16+8+4 5 n +

5 54 2

n—+i—|—2n3—n——8n.

T 168 9
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Case 2: If n is odd, then for 1 <i <n, e(C;) = % + 1 and e(H) = 21 + 2.
By Lemma 2.1, d,.(H) = 0 for all hydrogen atoms. Since, the vertices C; and Cy of
carbon atoms has 3 neighborhood vertices, that two vertices of carbon atoms and one

vertex of hydrogen . Hence, for 1 = 1,2

n—1 n—1 n—1
o Oy 5 + 24 5 + 1+ 5 +
3(n—1)
=2 414
2 4
n—1 n—1 n—1
~nP4+5n*+Tn+3
— S .
and
dne(Cl) = dn6(02> = |WC1 - TC2|
n*+5m*+mm+3 3(n-1)
= | —( +4)|
8 2
n3 4+ 5n% —b5n — 17
- < . (3)

Since every vertex C;, 3 < i < n of carbon atoms has 4 neighborhood vertices, that

two vertices of carbon atoms and two vertices of hydrogen, so

n—1 n—1 n—1 n—1
To = 1+—+14+—+2 2
C; 5 + 1+ 5 + 1+ 5 + 24 5 +
=2n+4,
n—1 n—1 n—1 n—1
= 1 1 2 2
We, = ( 5 + 1)( 5 +1)( 5 +2)( 5 +2)

ntond e sn 9
16 2 8 2 16

Then,

dne(Ci) - |WC’1 - TCi

|n4+n3+11n2+3n+9 5 4‘

PR JR— —_— —_— _— n_

16 2 8 2 16

n* nd3 11n? n 55

=— 4 =4 —— = — — 4
16+ 2 + 8 2 16 (4)
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By collecting d,.(H) and d,,.(C;), for i = 1,2, ...,n, from Equations (3) and (4), we get

the following result

NACT2) = > dne(v)
veV(CI2)
2n—2 n

= 3 el )+ 3 doe(C

= (2n = 2)dne(H) + 2dne(Ch) + > _ dne(Cy)

i=3
n3 4+ 5n% —5n — 17 nt* n® 11n? n 55
— 042 _oy _no
+2 8 )+ =) E+r3 5 3716
n3+5n2—5n—17+n5+7n4+7n3 15n2 47 +55
= — 4 — 4+
4 16 8 4 4 8 8
n® N n? N ™3 15m? A7 N 55
= — _— _— = —nN _—
16 8 4 4 8 8
n®  n* 3 5n2  5Tn 21
S gy 2 2 2
16 8 2 8 8

4 Nl-index of Alkanes

In this section, we construct the general formulas for the N!-index of a chemical trees
which represent of an alkane compound. Alkanes are hydrocarbons with only single
bonds between the atoms, and it has a general formula P, Hs, 2, where n is number of

carbon atoms.

H H H H H

C C C
H. 1 2 03 4 ””g@ H

H H

=
T

Figure 2: Clsses of alkanes C,, Hy;, 12
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Theorem 4.1. For n > 7, the first N! index of alkanes graph C,, Ho, 5 is given by

5 4 3 2 . .
S o ooy B Lt 14, ifn is even;

Nel (CnH2n+2) -

31nb 45nt 79n3 69n2 72 81 .
s T T tos G5 g ifn is odd

Proof: The alkene molecular graph C,, Hy,.12, n > 7, has 3n + 2 vertices including n
vertices C, Cs, ..., C, of degree four and correspond to the carbon atoms of alkenes and
the remaining 2n + 2 vertices (namely, H’s) are end vertices with degree one and they
correspond to hydrogen atoms of alkenes. Since, the eccentricity vertex set of alkenes is
a symmetric around the center vertex set and e(v;) = e(v,41_;), for every i = 1,2,....,n
and every v; € V(C,,Hapio).

Since, for every H € V(C,,Hop2), deg(H) = 1. Then by Lemma 2.1,

dye(H) = |Wy — Ty | = 0.

Thus we have the following two cases:

Case 1: n is even, It is clear that, the center set of C), Hy, is {C’g, C%H} and hence
every C, ¢ = 1,2, ..., 5 — 1 has three neighbors with e = n + 2 — ¢ and one neighbor with
eccentricity e = n — i, whereas C'z has three neighbors with e = .3 + 2 and one with
e =5+ 1. Thus

To, = To,, = 3(n+2—i)+ (n—i) = 4(n—i) +6.
We,=We,,, . =n+2—i)’(n—1i)=(n—1i)" +6(n—14)>+12(n —i)> 4+ 8(n — i).
Hence,

Ape(Cy) = dpe(Cry1—i) = |We, — Te,| = (n — i)* + 6(n —i)* + 12(n — i)* + 4(n — i) — 6.

For the central vertex, we get

3

n n
:TC%H:3(§+2)+(§+1):27¢+7

n

1
Wey =Wey,, = (g +2(5 +1) = g (n' + 14n® 4 7207 1 160n + 128)

N3

and hence, dno(Cn) = dne(Cn 1) = 15(n* + 14n° + 72n° + 128n + 16).
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Therefore,

21

N (CoHang2) = Q{dne(og) + dne(ci)]

=1
= —(n* 4 14n> + 72n* 4+ 128n + 16)
2

+221[n—z +6(n —i)3+12(n—i)2+4(n—z’)—6]

oo\»—n

w\:

1
:§(n4+14n3+72n2+128n—|—16 Z n* + 6n° + 12n* 4 4n — 6)

-1

—2(4n® + 18n% + 24n — 12) 3 i+ 2(6n° + 18n + 12)

1 7

-1

|3
|3

7 1

%,
— 2(4n + 6) Z —i-QZz

N\:

By take the values of the summations and simple computing, we get

1
N (CuHanro) = S(n'* 4 14 4+ 720 + 128 + 16) + 2(% —1)(n* + 6n® + 1202 + 4n — 6)

2 2 3 3 2 2
— (40 + 1807 + 24n — 12)( ) + (60 + 180 + 12)(”1”2+")
n* — 4n?® + 4n? 3n° — 15n* + 20n° — 8n
— (4 6
(4n +6)( 32 )+ 240
31n’ 15n* ns 13n? n
= — + 14.

0 T8 TwTTI T30

Case 2: n is odd, the center set of C,, Hy,, is {CnTH} and hence every C;, i = 1,2, ..., "T’l

has three neighbors with e = n + 2 — ¢ and one neighbor with eccentricity e=n—1i,

whereas CnTH has four neighbors with e = "*3 Thus, for 1 <7 < *=
Te, =T, , =3(n+2—1i)+(n—1i) =4(n—1)+6.

We,=We,,, . =n+2—i)’(n—1i)=(n—1i)"+6(n—1)°>+12(n —i)> + 8(n — i).

Hence,

dne(oi) - dne(0n+1—i) == |WCZ — Tci

= (n—i)"+6(n—1i)* +12(n— i) + 4(n — i) — 6.
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For the central vertex, we get

TC"Jrl =2n+6
2
n+3
WCL-H = ( 2 )4
2
and hence, dne(CnTH) = = (n* +12n® + 54n? + 76n — 15).

Therefore,
n—1

Nel (CnH2n+2) = dne<C"T+1) + 2 Z dne(Cz)

=1

1
= —(n* +12n® 4 54n® + 76n — 15)

+23 ((n—i)' +6(n—i)* +12(n —i)> + 4(n — i) — 6)
1 N
= 1—6(714 +12n° 4+ 54n® + 76n — 15) + 2 Y (n* 4 6n® 4+ 12n* + 4n — 6)
i=1

n—1 n—1

—2(4n° +18n" +24n — 12) Y i +2(6n* + 18n 4+ 12) > 4°

i=1 i=1

n—1 n—1

2 2
—2(4n+6)>_i*+2> 4

=1 i=1

1
NYCnHopnys) = —(n* 4+ 1203 + 54n* 4+ 76n — 15) + (n — 1)(n* + 60> + 12n* 4 4n — 6)

16
_9 3 - 3n%+2
~ (an® + 1802 + 24n + (") 4 (602 1 180+ 12)("1”2+”)

n* — 4n3 + 4n? 3n° — 15n* + 20n> — 8n
— (4
(an -+ 6) (LT - )

31n®  45n*  T9n3  69n%2  72n 81

0 "6 T 8 5 16

5 N! index of C
In this section, we construct general formula for N!-index of the chemical graph cy-
cloalkyls that is constructed by attaching an alkyl R, instead of each hydrogen atoms in

the cycloalkenes.
We denote the group of alkyls by R,,r € Z*. For example Ry, Ry, R3, ... denote methyl,
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ethyl, propyl,..., respectively, as shown in Figure 3.
When we put an alkyl instead of each hydrogen atom in the cycloalkene, we get a cy-

cloalkyls and denoted by C% as shown in Figure 4.

Rll methyl R23 ethyl R3; propyl

R,: alkyl

i 5

HpgH HyH

Figure 4: Molecular structure of Cltr

Theorem 5.1. For positive integers n > 3 and r > 1, the frist N!-index farmula of the

cycloalkyls graph is given by

NACE) = [(n=2)+2r(n = DI(15] + 7")4 +[(60 = 10) + 4r(n = D+ 0] (15] + 7")3



On Neighborhood Eccentricities Indices of Graphs 13

+ [(13n — 18) 4+ 8r(n — 1)(r* + 67 + 8)] (LZJ + T)z

+[(n —12) 4+ 2r(n — 1)(r* + 8% + 2r + 19)] ([ZJ + r)
67 + 60r3 + 22072 + 2851 + 299

-2 -1 )
2n +r(n —1)( 1 )]
ni_ ) 9 if n even;
Where 3] —{ il if n odd.

Proof: For positive integers n > 3 and r > 1, the vertex set of the cycloalkyls molecular
graph C'* can be divided into three kinds of vertices. Kind 1, the vertices on the cycle,
denoted by {C; : 1 < < n}, correspond to the carbon atoms of cycloalkenes, tow of them
(namely, C; and Cy) of degree three and n—2 vertices C3, Cy, ..., C, of degree four. Kind 2,
the vertices on the path, denoted by {C’J(-ik) 1<j<r, 1<i<n and k=1,2}, corre-
spond to the carbon atoms of alkenes, branches, all of them with degree four. Kind 3, the
remaining vertices (namely, H's) are end vertices with degree one and they correspond to
hydrogen atoms of cycloalkyls. By easy chick, for any n > 3, we get e(C;) = [ 5] +r+1,
e(C](»ik)) = 2] +r+j+1and e(HY) = e(CJ(-ik)) +1,for1 <i<mn,1<j<rand
k = 1,2. Hence, for every H € V(CEr), correspond to hydrogen atoms, deg(H) = 1.
Then by Lemma 2.1, d,.(H) = |Wy — Th| = 0.

In the next, we put X = | 3] +r, to easy compute.

The vertices C; and Cy of carbon atoms on cycle has three neighborhood vertices, that

two vertices of carbon atoms and one vertex of alkyl, so for i = 1,2

Te, =Tc, =2(X + 1)+ (X +2) =3X + 4,
We, =We, = (X +1)*(X +2) = X? +4X* +5X +2

thUS, dne(Cl) = dne(CQ) = |VVC1 — TC1‘ = X3 -+ 4X? +2X — 2. (1)

For3 <1 <n
To, =2(X 4+ 1)+ 2(X +2) =4X +6,

We, =We, = (X +1)*(X +2)? = X* +6X° + 13X? + 12X + 4,

thus, dne(C;) = [We, — Te,| = X* + 6X3 + 13X2 48X — 2. (2)
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For1<j<r,1<i<nandk=1,2,

Toon =3(X +7+2)+ (X +j) =4X +4j + 2,

Woam = (X +j+2°(X +7) = [X°+3X%(j+2) +3X(j +2)* + (j + 2)’][X + 7]
= (X" 4+ 6X° +12X? + 8X) + (4X® + 18X? + 24X +8)j
+ (6X% 4+ 18X +12)5% + (4X +6)5° + j*,

Hence,

J

= (X' 46X + 12X +4X —6) + (4X° + 18X? + 24X +4)j
+ (6X2 + 18X +12)5% + (4X 4 6)5° + j*. (3)

Therefore, from (1), (2) and (3), we get

NHCEY = 2,0 (C1) + Y de(C) + (20— 2) 3. de (CI)
i= j=1
= 2(X3 +42” +2X —2) + (n — 2)(X* +6X> + 1327 + 8X — 2)
tEn-2Y {(X“ +6X% 1 12X2 44X — 6) + (4X% + 18X2 + 24X + 4);

=1

+ (6X2 + 18X +12)j% + (4X 4 6)5° + jﬂ

NHCE) = [(n —2)X* 4 (6n — 10)X® 4 (13n — 18) X2 + (n — 12)X — 2n)]
+(2n—2) [T(X‘* F6X% 4+ 12X2 44X — 6) + (4X% + 18X2 + 24X + 4) Zj}

Jj=1

+(2n—2) [(6X2 FISX 4123 (X +6) Y+ ijﬂ

j=1 j=1 7=1

=[(n—2+2r(n—1)X* 4+ (6n — 10 + 12r(n — 1)) X> + (13n — 18 + 24r(n — 1)) X?

(n—12+48r(n—1))X —2n —12(n — 1)]

T(T; Dy 1 6x2 418 + 12)("

+
+ (2n —2) [(4){3 + 18X? + 24X + 4)(
r2(r+ 1) N r(r+1)(2r +1)(3r? +3r — 1)

4 )+ 30

+(2n—2) {(4}( +6)( )

r+1)2r+1)
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=[(n—2)+2r(n—1)]X*+[(6n —10) +4r(n — 1)(r + 4)] X>
+ [(13n — 18) 4 8r(n — 1)(r* + 67 + 8)| X% + [(n — 12)
+2r(n — 1)(r* + 8% + 2r + 19)] X

6r* 4+ 6013 4 22072 + 285r + 299

—[2n+r(n—1)( 1 )].

6 Conclusion

In this paper, we studied the effect of the eccentricities of the neighbours vertices along
with the vertex itself. The neighborhood eccentricity degree of a vertex v in a graph
G is defined and denoted by d,.(v). Furthermore, we introduced three new versions of
the topological indices of a connected graphs based on the eccentricities sum and the
eccentricities product of the open neighbourhood of a every vertex in a graph G, and
are called the first, second and third neighborhood eccentricities indices and denoted by
NX(@), N*(G) and N3(@G), respectively. The exact formulas of N!(G) for some chemical

graphs is computed.
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