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Abstract
In this paper we introduce the concept of Randi¢ sum eccentricity energy of
graphs. We obtain upper and lower bounds for Randi¢ sum eccentricity energy of
graphs and compute the Randi¢ sum eccentricity of some graphs such as complete
graph, star graph, complete bipartite graph, (S,, A P») graph and crown graph.

Key words: Randi¢ sum eccentricity energy

2010 Mathematics Subject Classification : 05C50
1 Introduction

In 2018, B. Sharada and Mohammad issa ahmed sowaity [1] have introduced the sum
eccentricity energy of a simple graph G. The sum eccentricity adjacency matrix of G is

the n x n matrix (a;;), where

_Je(vi) +e(vy), if the vertices v; and v; are adjacent,
Y 0, otherwise.

where e(v;) is the eccentricity of the vertex v;. The sum eccentricity energy of G is defined
as the sum of absolute values of the eigenvalues of the sum eccentricity adjacency matrix

of G.

In 2010, Burcu et al [5], have defined the Randi¢ energy of a graph G as the sum of
the absolute values of the eigenvalues of the Randi¢ matrix (R;;) where

0, ifi = 7,

1 . . .
Rij = Jid if the vertices v; and v; are adjacent,

0, if the vertices v; and v; are not adjacent.
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where d; denote the degree of the vertex v;.
Motivated by these works, we have introduced the Randi¢ sum eccentricity energy of a
simple graph G as follows. The Randi¢ sum eccentricity energy adjacency matrix of G

is the n x n matrix A,s. = (a;;), where

0, ifi = j,
aij = EATETERE if the vertices v; and v; are adjacent,
0, if the vertices v; and v; are not adjacent.

where e(v;) is the eccentricity of the vertex v;. The Randi¢ sum eccentricity energy of G
is defined as the sum of absolute values of the eigenvalues of the Randi¢ sum eccentricity

energy adjacency matrix of G.

For example, let G be the cycle on 4 vertices. Then
1

Arse —

= ONi= O
o= ON

N ONI= O
O Ol

Then the characteristic equation is given by A* — \2. The eigenvalues are 1, 0, 0, —1 and
Randi¢ sum eccentricity energy of G is 2.

Since A, is real and symmetric, its eigenvalues are real numbers which are denoted by
A1, Ay Azy ey Ay, Where Ay > Ao > A3 > ... > \,. Then the Randi¢ sum eccentricity
energy of GG is defined as

Erse<G) = Z | )\1 | .
=1

Since A, is a real symmetric matrix, we have

and
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In section 2 of this paper we obtain the upper and lower bounds for Randi¢ sum
eccentricity energy of graphs. In Section 3 we compute the Randi¢ sum eccentricity
energy of some graphs such as complete graph, star graph, complete bipartite graph,

(Sm A Py) graph and crown graph..

2 Upper and lower bounds for Randi¢ sum eccentricity energy

Theorem 2.1. Let GG be a simple graph of order n with no isolated vertex. Then

e(v;) + e(v])

E,.(G \l 2n Z

gk ©

Proof: Let A\; > Ay > A3 > Ay > ... > )\, be the eigenvalues of A, .. Then using (2) and

the Cauchy- Schwartz inequality, we have

(S0 = (%) ()

with a; = 1, b; =| \; |, we obtain

e(vi) + G(UJ)

=1 i~

ZM | —J(Z’]M)Q < JnZ J?nz

Theorem 2.2. Let GG be a simple graph of order n with no isolated vertices. Then

B, (G) > 2@ —

= elv) +e(vy)

Proof: From (1), we have

=1

1<i<j<n
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and therefore
i=1 1<i<j<n
Thus
(Eree(G))* = (ZIM) ZAQ +2 50
=1 1<i<j<n

> A +2

i=1

Y AN

1<i<j<n

n

=2 "X, on using (5).

i=1
This together with (2) implies that

(Erse > 4 Z

ZN_]

e(vi) + 6(”3)
which gives (4). |

3 Randi¢ sum eccentricity energies of some families of graphs

We recall that the complete graph is one in which every pair of its distinct vertices are
adjacent. A complete graph on n vertices is denoted by K,,. A bigraph or bipartite graph
G is a graph whose vertex set V' (G) can be partitioned into two subsets V; and V5 such
that every line of G joins V; with V5. (Vi,V3) is a bipartition of G. If G contains every
line joining V7 and V5, then G is a complete bigraph. If V; and V5 have m and n points,
we write G = K, ,. A star is a complete bigraph K ,[3].

The following definitions and notations, will be used in the remainder of this paper.

Definition 3.1. [2] The Crown graph S° for an integer n > 3 is the graph which is
obtained from the complete bipartite graph K, , by removing the horizontal edges.

Definition 3.2. [4] The conjunction (S,, A P,) of S,, = K,,+ K; and P, is the graph hav-
ing the vertex set V(S,,) x V(P,) and edge set {(v;, v;)(vg, v) : v;up € E(Sy,) and vy €
E(P) and 1 < i,k <m+1,1<j <2} In fact S,, is the star Ky, and P is Ks.

Now we compute Randi¢ sum eccentricity energies of complete graph, star graph,

complete bipartite graph, (S,, A P,) graph and crown graph.
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Theorem 3.3. The Randi¢ sum eccentricity energy of complete bipartite graph K, , is

Jmm.

Proof: Let the vertex set of the complete bipartite graph be
V(Kmn) = {u1,us, ..., Upn,v1,02,...,0,}. Then Randi¢ sum eccentricity matrix of com-

plete bipartite graph is given by

0 --- 0 % %
b . 0 1 . 1
Arse: 2 2
bbb d
1 1 O X 0

Its characteristic polynomial is
M, -— % JT
—3J )L

)

‘)\I - Arse|

where J is an n X m matrix with all the entries are equal to 1. Hence the characteristic
equation is given by

—3J A,

which can be written as

1 I 1
e () (L)
- (-57) 3 (-7

On simplification, we obtain
)\m—n
(4)"
which can be written as

)\m—n
WPJJT (4)\2) = 0,

where P;;r(\) is the characteristic polynomial of the matrix JJT. Thus, we have

AL

(@, - 1J7 = o,

)\m—n
(4)"

(4X\* — mn)(4X)" ! =0,

which is same as

)\m+n72()\2 o 7) — 0.
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Therefore, the spectrum of K, ,, is given by

Spec (Kpn) = < 0 \/@ _ﬁ> .

m-+n—2 1 1

Hence the Randi¢ sum eccentricity energy of complete bipartite graph is

as desired. m
Theorem 3.4. The Randi¢ sum eccentricity energy of S, (n > 3) is 2,/25+.

Proof: Let the vertex set of star graph be given by V(S,) = {v1,v,...,v,}. Then the

Randi¢ sum eccentricity matrix of star graph S, is given by

0 L 1 11
MVE Y Vi 3
% 0 0 0 0
A | 0 0 ' 0 0
: .
% 0 0 -« 0 0
20 0 - 0 0

Hence the characteristic polynomial is given by

N - o1 1
R V3

_$ A o --- 0

AN —Anel=|— 0 A 0

T A

V3

po—1 -1 -1 -1

-1 p 0 0 0

1\"| -1 0 u 0 0
-5 5 :

-1 0 0 po 0

-1 0 0 0 p

where 1= A\v/3. Then |M — Ao = 60 (1) (J5)",



where ¢, (1) =

Using the properties of the determinants, we obtain after some simplifications

I
-1
-1

—1
-1
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-1

0
0

[terating this, we obtain

Therefore

P\[_ Arse| = (

V3

1

-1

0
0

-1

0
0
i
0

¢n (ﬂ) = Nni

-1
0
0

0
Ju

Thus the characteristic equation is given by

Hence

Theorem 3.5. The Randi¢ sum eccentricity energy of K, (n > 2) is v2(n — 1).

Proof: Let the vertex set of Complete graph be given by V(K,,) = {vy, va, ..

the Randi¢ sum eccentricity matrix of complete graph K, is given by

Spec (S,) = (

Arse =

)\n—2 (}\2 .

0

S-e

&‘,_.

n—2

Erse(Sn) =2

o%h

&‘H

(1” —

n—1

On(p) = (nr () — p"~2).
(n—1)).

) (BN = (n—1)) \W3B)" 2.

-0
n—1 n—1
V'3 V3 |
1 1
Hence the Randi¢ sum eccentricity energy of S, is

n—1

S-S

17

., Un}. Then
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Hence the characteristic polynomial is given by

—1
—1
—1

-1
1

+ (n+1)

A V2
_ 1 A
|)‘I_Arse|: ﬂ .
1
V2 V2
uo—1 -1 1
1o -1 1
1\"| -1 -1 pu -1
W2 : : : :
-1 -1 -1 u
-1 -1 -1 —1
where 1 = Av/2. Then [A — A,.| = én (1) (%)n,
0 -1 —1 1
1o -1 1
1 -1 u -1
where (1) = .
-1 -1 -1 u
-1 -1 -1 -1
uwo -1 —1 —1 —1
1o -1 1 1
1 -1 1 1
1 -1 -1 po -1
o 0 0 -+ —1—p p+1
po—1 -1 1 -1
1o -1 1 -1
1 -1 p 1 -1
=®+D| . . . _
1 -1 -1 -1
-1 -1 -1 -1 -1

n(p) = —(u+ 1"+ (n+ 1) [(p+ D" (1 — (n = 2))]

o =1 =1
-1 p -1
-1 =1 pu
-1 -1 -1
-1 -1 -1

= —(p+ D"+ ()" (- (n - 2)).

[terating this, we obtain

—1
—1
—1

L
-1

—1
—1
—1
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On(p) = p" 2 (0 — (n— 1)),

thus the characteristic equation is given by

1 n
+1)" N u—(n—1)) =0,
(J5) Gt 0= =)
Hence . .
Spec (K,) = ( V2oV ) .
Hence the Randi¢ sum eccentricity energy of K, is

Erse(Kn) = \/§<n - 1)

Theorem 3.6. The Randi¢ sum eccentricity energy of (S,, A P») is 4@ .

Proof: Let the vertex set of (S,,AP,) graph be given by V' (S,,AP,) = {vy, v,
Then the Randi¢ sum eccentricity matrix of (S, A P») graph is given by

1
O 0 e 0 ? 75
o 0 --- 0 7 0
. . . i :
4 - 0 O 0 7 0
rse 0 1 1 0 0 )
) V3 V3
7 0 0 0 0
1
7 0 0 0

2nx2n

19

ce 7U2m+2}-
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where m + 1 = n. Its characteristic polynomial is given by

1 1
A 0 01 -5 7
0 0 -5 0
0 Ao-L 0
‘AZ._‘f4r&J 0 1 XA§ 0
. V3
v 0 0 0
S 0 0 A
V3 2nx2n
Hence the characteristic equation is given by
A O 0O 0 -1 -1
0 A 0 -1 0 0
o | : P : : R
e o 0 --- A =1 0 --- 0 0
V3 o -1 - -1 A 0 -+ 0 -
-1 0 0 0 A 0
-1 0 -+ 0 0 0 - AJ
where A = v/3\.
Let
A 0 O o 0 -1 -1
0O A O 0O -1 0 0
0 0 A 0O -1 0 O
¢on(N)=| 0 0 0 -~ A -1 0 0
0o -1 -1 -1 A 0 O
-1 0 0 0O 0 A O
-1 0 0 0O 0 0 O

2nXx2n
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A O 0 -~ 0 0 -1
O A 0 -+ 0 -1 0
O 0 A -~ 0 -1 0
=(=1)™AL 0 0 0 --- A -1 0
0 -1 -1 -+ =1 A 0
-1 0 0 0 0 A
-1 0 0 0 0 0
0 0 0 0 0 -1
A 0 0 0 -1 0
0 A 0 0 -1 0
+(=1)**2 0 0 0 --- A -1 0
-1 -1 -1 -1 A 0
0 0 0 0 0 A
o 0 0 -~ 0 0 0
Let
o 0 0 -~ 0 0 -1
A 0 0 0 -1 0
0 A 0 0 -1 0
Uy 1 (A)=(=1)>""2| 0 0 0 --- A -1 0
-1 -1 -1 -1 A 0
0 0 0 0 0 A
0 0 0 0 0 0

-1
0
0

e}

A

(2n—1)x(2n—1)

(2n—1)x(2n—1)

(2n—1)x(2n—1)

Using the properties of the determinants, we obtain, after some simplifications

qIQn,l(A) - —An72@n(A),

21
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where 0,,(A)=

Then

OO >

Lo >0

¢2n(A> =

Ravi HE

0 -1
0 -1
A -1
-1 A
nxn

Now, proceeding as above, we obtain

¢2n—1(A) =

(_1)(2n—1)+2\112n_2<A) + (_1)(2n—1)+

A" 30, (A) + Adon_a(A).

Proceeding like this, we obtain at the (n — 1) step

G2a(A) = —(n = DA"20,(A) + A" Ve, (A),
A O O - 0
0 A 0 - —1
where &,.1(A) =0 0 A —1
0 -1 -1 .- A (n+1)x(n+1)
Gon(A) = —(n—1)A"20,(A) + A" 1AO,(A)
= —(n—1A"20,(A) +A"0,(A)
= (A" — (n—1)A""2)6,(A).

Using the properties of the determinants, we obtain

Therefore

which is same as

—A"20,(A) + Ao, 1 (A).

(2n_1)A¢2n_2(A)

O,(A) = A" — (n — 1)A™2,

Gon(A) = (A" — (n — 1)A"%)2.

Hence characteristic equation becomes

(%)2 b2u(A) = 0,

>2n (A" — (n—1)A"?)* =0,

(s
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This reduces to
A (3N~ (n—1))2 = 0.

o /=0 _ /0
S S\ Py)) = 3 3 _
pec(( 2)) <2n —4 2 2

Therefore

Hence the Randi¢ sum eccentricity energy of (S,, A Py) graph is

Eyoo((Son A Py)) = 4\/?

Theorem 3.7. The Randi¢ sum eccentricity energy of crown graph S? is 2(n — 1).

Proof: The vertex set of the crown graph be given by V(S°) = {uy,us, . . ., Upn, vy, v, . . .

Then Randi¢ sum eccentricity matrix of crown graph is given by

0 0 0 0 X X

0 0 0 X 0 X

A — 0 O 0 X X 0

el 00X X 0 0 0

X 0 X 0 0 0

X X -0 0 0 --- 0

Where X = ﬁ. Its characteristic polynomial is
N, —LKT
|)\I - Arse’ = | 1 pe \/<LI] )
v .

where K is an n X n matrix. Hence the characteristic equation is given by

1 7T
‘ _Alf”K \GK = 0.
Va n
This is same as Y KT
AL ML, — | ——= | = |[—-—=]| =0,
()5 (%)
which can be written as |

@PKKT((‘Q)‘ ) =0,

23

7vn}~
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where P gr(\) is the characteristic polynomial of the matrix K K7. Thus we have
($RMV—%n—1VWM2—H”4:0,
e
Spec (SY) = ( \/W 4 f _ﬁ ) .

which is same as

Therefore

n—1 n-—1

Hence the Randi¢ sum-eccentricity energy of crown graph is
B, (S2) =2(n—1),
as desired. B
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