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Abstract

In this paper we introduce the concept of skew-product of Randi¢ and sum-connectivity
energy of directed graphs. We then obtain upper and lower bounds for skew-product of
Randi¢ and sum-connectivity energy of digraphs. Then we compute the skew-product
of Randi¢ and sum-connectivity energy of some graphs such as star digraph, complete
bipartite digraph, the S,,, A P> digraph and a crown digraph.
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1 Introduction

In 2010, Bo Zhou and Nenad Trinajstic [4] have introduced the sum-connectivity energy
of a graph as follows. Let G be a simple graph and let vy, vs, ..., v, be its vertices. For
1 =1,2,...,n, let d; denote the degree of the vertex v;. Then the sum-connectivity matrix of
G is defined as R = (R;;), where

0, ifi = 7,
Rij = d1+d ,  if the vertices v; and v; are adjacent,
1Tl
0, if the vertices v; and v; are not adjacent.

The sum-connectivity energy of G is defined as the sum of absolute values of the eigenvalues

of the sum-connectivity matrix of G arranged in a non-increasing order.
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In the same year, Burcu Bozkurt, Dilek Giingér, Gutman and Sinan Cevik [3]], have defined
the Randi¢ energy of a graph GG as the sum of the absolute values of the eigenvalues of the

Randi¢ matrix (R;;) where

0, ifi = j,
Rij = ﬁ, if the vertices v; and v; are adjacent,
0, if the vertices v; and v; are not adjacent.

Motivated by these works, in [[/] Poojitha and Puttaswamy define product of Randi¢ and
sum-connectivity energy as follows. The product of Randi¢ and sum-connectivity matrix of G

is the n x n matrix A,,; = (a;;), where

0, ifi = 7,
1 . . .
= ——=——— if the vertices v; and v; are adjacent
CL” /(dfd]+d1d?)’ 7 J J 9

0, if the vertices v; and v; are not adjacent.

The product of Randi¢ and sum-connectivity energy of GG is defined as the sum of absolute

values of the eigenvalues of the product of Randi¢ and sum-connectivity matrix of G.

In 2010, Adiga, Balakrishnan and Wasin So [1]] have introduced the skew energy of a di-
graph as follows. Let D be a digraph of order n with vertex set V(D) = {vy,vs,...,v,} and
arc set I'(D) C V(D) x V(D) where (v;,v;) ¢ I'(D) for all i and (v;,v;) € I'(D) implies
(vj,v;) & T'(D). The skew-adjacency matrix of D is the n x n matrix S(D) = (s;;) where
sij = 1 whenever (v;,v;) € I'(D), s;; = —1 whenever (v;,v;) € I'(D) and s;; = 0 otherwise.
Hence S(D) is a skew symmetric matrix of order n and all its eigenvalues are of the form 7\
where i = y/—1 and \ is a real number. The skew energy of G is the sum of the absolute values

of eigenvalues of S(D).

Motivated by these works, we introduce the concept of skew-product of Randi¢ and sum-
connectivity energy of a digraph as follows. Let D be a digraph of order n with vertex set
V(D) = {vi,vs,...,v,} and arc set I'(D) C V(D) x V(D) where (v;,v;) ¢ I'(D) for all
i and (v;,v;) € I'(D) implies (v;,v;) ¢ I'(D). Then the skew-product of Randi¢ and sum-
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connectivity matrix of D is the n x n matrix A,,s = (a;;) Where

(dzdj—&-dde)’ if (,Ui’ vj) € F(D)v
7 vy
aij = _W, if (v;,v;) € I'(D),
7 et}
0, otherwise.

Then the skew-product of Randi¢ and sum-connectivity energy Ej,.s(D) of D is defined as

the sum of the absolute values of eigenvalues of A, .

In section 2 of this paper we obtain the upper and lower bounds for skew-product of Randi¢
and sum-connectivity energy of digraphs. In Section 3 we compute the skew-product of Randié
and sum-connectivity energy of some directed graphs such as complete bipartite digraph, star

digraph, the S,, A P digraph and a crown digraph.

2 Upper and lower bounds for skew-product of Randi¢ and sum-connectivity
energy

Theorem 2.1. Let D be a simple digraph of order n. Then

1
Eys(D) < |2 —_. 1
Proof: On using the identities,
n n n 1
(Z)‘)2 = t s vs - (l2 (2)
LN = ) = 72 2 = 22 ()

and Cauchy-Schwartz inequality

we obtain (1).

Theorem 2.2. Let D be a simple digraph of order n. Then
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1 ) "
Esst(D) Z \l?%(d?dj% + n(n — 1)pn7 wh@r@ P = |d€tAsp7~s| = H |)\]| (3)

j=1

Proof: On using again (2) and a special case of the arithmetic-geometric mean inequality, we
obtain (3). [

3 Skew-product of Randi¢ and sum-connectivity energies of some fami-
lies of graphs

We begin with some basic definitions and notations.

Definition 3.1. [5] A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by /,.

Definition 3.2. [5] A bigraph or bipartite graph G is a graph whose vertex set V' (G) can be
partitioned into two subsets V; and V5 such that every line of G joins V; with V. (V4,143) is a
bipartition of GG. If GG contains every line joining V/; and V5, then G is a complete bigraph. If

V1 and V5 have m and n points, we write G = K, ,,. A star is a complete bigraph K ,,.

Definition 3.3. [2] The Crown graph S° for an integer n > 3 is the graph with vertex set
{ur, ug,y ..., U, v1,02,...,0,} and edge set {w;v;;1 < 0,5 < n,i # j}. SO is therefore S?

coincides with complete bipartite graph K, ,, with the horizontal edges removed.

Definition 3.4. [6] The conjunction (S,, A P,) of S,, = K,, + K; and P, is the graph hav-
ing the vertex set V' (.S,,) x V(F,) and edge set {(v;, v;)(vg, v)|vivi, € E(Sy,) and vjv, €
ER)and1 <ik<m+1,1<j1<2}.

Now we compute skew-product of Randi¢ and sum-connectivity energies of some directed
graphs such as complete bipartite digraph, star digraph, the S,, A P, digraph and a crown
digraph.

Theorem 3.5. Let the vertex set V(D) and arc set I'(D) of a complete bipartite digraph K, .
V(D) = {u1, ug, ..., Un,v1,02,...,0,} and I'(D) = {(u;,v;) |1 <i<m,1 <j<n}.

Then the skew-product of Randi¢ and sum-connectivity energy of the complete bipartite di-

graph is 2,/ min.
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Proof: The skew-product of Randi¢ and sum-connectivity matrix of complete bipartite digraph

is given by
0 0 0 v v g
0 0 0 ~ v g
Ao = 0 0 -+ 0 ~v v - 7 |
—y =y - =y 0 0 --- 0
-y =y - =y 0 0 --- 0
-y =y e =y 0 0 -+ 0
where v = ﬁ Then its characteristic polynomial is
A 0 . .. O —’}/ —’y ... —/y
0 )\ ... O _f}/ _fy .« .. _’y
0 0 -+ A\ —~ —r «ov —
‘)\[ _ Asp,,-s| — Py P)/ ’7
’7/ "}/ e f}/ A 0 o .. O
Y vy 0 A 0
vy v 0 0 A
A, R S— Ly
_ v/ (m+n)mn
1 7 A\, !
v/ (m+n)mn

where .J is an n X m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by
A, S —
\/ (m+n)mn —0
S S | A, ’
(m+n)mn

This can be written as

M, — (1J) Im (—1JT)‘ = 0.
(m +n)mn A (m +n)mn

On simplification, we obtain
)\m—n

(m +n)mn

AL

‘((m—i—n)mn))\an—f—JJT‘ = 0,
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which can be written as

)\m—n
mPJJT(—<<m+n)mn)/\2) = 0,
where P;;r () is the characteristic polynomial of the matrix ,,./,,. Thus, we have

AT 2+ mn)(((m +n)mn)A\?)" =
(O A ) (o + ) ) =,

which is same as

=2 )2 mn -0
(A + (m+n)mn) 0

spec@):( 0o ﬁ)
1 1

m+n—2

Hence,

Hence the skew-product of Randi¢ and sum-connectivity energy of the complete bipartite di-

[ 1
Esv"s-D:2 )
v ( ) m—+n

as desired. [ |

graph is

Theorem 3.6. Let the vertex set V(D) and arc set I'(D) of a Star digraph S,,.
V(D) ={v1,v2,...,v,}and I'(D) = {(v1,v;) |2 < j < n}.
Then the skew-product of Randi¢ and sum-connectivity energy of D is 2\/% .
Proof: The proof follows on replacing m by 1 and n by n — 1 in Theorem 3.5. [ |
Theorem 3.7. Let the vertex set V(D) and arc set I'(D) of a crown digraph S°.
V(D) = {uy, ug, ..., Uy, v1,02,...,0,} and I'(D) = {(u;,v,) |1 <i<n,1 <j<mn,i#j}

Then the skew-skew-product of Randi¢ and sum-connectivity energy of the crown digraph is

4
\/2(n—1)"
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Proof: The skew-product of Randi¢ and sum-connectivity matrix of crown digraph is given by

0 0 0 0 v ol
0 0 0 ~ O ol
Ay = 0 0 0 ~v v 0
0 —y ««- —y 0 0 --- 0
- 0 - =y 00 --- 0
- =y -~ 0 0 0 --- 0

ﬁ. Then its characteristic polynomial is

2(n—1

where 7 =

M, KT
M — As rs| — - )
| pre| —L K M,
2(n—1)3

where K is an n X n matrix. Hence the characteristic equation is given by

Vs ———L KT

This is same as

AL

) )
2n—1)3) A 2(n —1)3

1 3312\
WPKKT(_(Q(n —1)°)A%) =0,

where Pk gy s the characteristic polynomial of the matrix K K T Thus we have

which can be written as

b
(2(n = 1))

2 (n— 1)2 2 1 e .
(A +2(71—1)3) (A +2<n—1>3> -0

[(2(n = 1°)X% + (n = 1)?][(2(n — 1)*)A* +1]" " =0,

which is same as
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Therefore
¢ —iC  aT —iT
Spee@) =11 17 L1 a1
where ( = 2((7; 111))2 sand 7 = ﬁ Hence the skew-product of Randi¢ and sum-connectivity

energy of crown digraph is

4
Es rs(D) = T
’ \/2(n—1)
as desired. [ |

Theorem 3.8. Let the vertex set V(D) and arc set I'(D) of a digraph S,,, A P».

V(D) = {Ul,’l)27 e ,Ugm+2} and
F(D) = {(’Ul,Uj), (Um+2avk’) |2 < k <m-+ 17m‘|‘3 S] < 2m+2}

Then the skew-product of Randi¢ and sum-connectivity energy of D is 4\/g .

Proof: The skew-product of Randi¢ and sum-connectivity matrix of S, A P digraph is given

by
0 O 0 0 v 0
0 O 0 —y O 0
Ayys — 0 O -0 —y 0 0 7
0 ~ -y 0 0 0
-y 0 -0 0 0 - 0
-y 0 -0 0 O

2nXx2n

1

where m+ 1 =nandy = 5 Then its characteristic polynomial is given by

n(n—
A0 0O 0 —y -+ —v
0 A 0 v 0 0
0 0 A 0O --- 0
N — Ayl K

—y -y A 0 0
v 0 0O 0 A 0
v 0 0 0 O A omxom
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Hence the characteristic equation is given by

0 0 0 -1 —1
0 A 0 1 0 0
1 o 0 -~ A 1 0 - 0 0
n(n — 1) 0 -1 - =1 A 0 - 0 o
1 0 0 0 A 0
1 0 0 0 0 Aangn

where A = \/n(n — 1)\

Let

A0 0 0 0 —1 —1 —1

0 A O 0 0 0 0

0 0 A 0 0 O 0

Gpom(N)=]0 0 0 -~ A 1 0 0 - 0

0 -1 —1 1A 0 0 0

1 0 O 0 0 A O 0

! 0 0 0 0 0 0 A 2nx2n
A0 0 0 1 -1 1
0O A O 0 0 0 0
0 0 A 0 0 O 0
0 -1 —1 1A 0 0 0
1 0 O 0 0 A O 0
! 0 0 0 0 0 0 A (2n—1)x(2n—1)



On Skew-Product of RandiC and Sum-Connectivity Energy of Digraphs

o 0 0 --- 0 0 —1 --- —1 —1
o 0 -~ 0 1 0 -~ 0 0
o A 0 -~ 0 1 0 -~ 0 0
+(=1***0 0o 0 - A1 0 --- 0 O
-1 -1 -1 -1 A 0 0 0
0 0 0 0 0 A 0 0
0 0 0 0 0 0 A0 | e
Let
o 0 0 -~ 0 0 —1 --- =1 —1
A O 0O -~ 0 1 0 -~ 0 0
o A 0 -~ 0 1 0 -~ 0 0
Vot (A) = (=D 0 0 0 A1 0 0 0
-1 -1 -1 -1 A 0 0 0
0 0 0 0 0 A 0 0
00 0 «+ 0 0 0 -+ A 0 [, o

Using the properties of the determinants, we obtain, after some simplifications

qlgn,l(A) - AniQGn(A),

o O >

0 O
A 0O
where ©,,(A)= 0 A

~1 -1 =1 -+ A
nxn

Then
Gon(N) = A"‘QG)H(A) + Aga,—1(A).

Now, proceeding as above, we obtain

Grn1(N) = (=1 Wy, o(A) + (=1 DFE D AG,, o(A)
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= A"30,(A) + Apg,_o(N).

Proceeding like this, we obtain at the (n — 1) step

¢2n(A) = (n - 1)An_2@n(A> + A(n_1)§n+1(A)v

A 0O 0 --- 0
0 A O 1
where £, (A)={0 0 A - 1
0 -1 -1 - A (n+1)x (n+1)

don(A) = (n—1)A"20,(A) + A"TAO, (A)
= (n—1)A"20,(A) + A", (A)
= ((n—1)A™ 2+ A")O,(A).

Using the properties of the determinants, we obtain
On(A) = (n — 1)A" 2 + A™,

Therefore
Gon(N) = ((n — 1)A”_2 + A”)Q.

Hence characteristic equation becomes

1 2n
| 9um(A) =0,
( n(n—1)> .

which is same as

This reduces to
M4 ((n— 1) + (n(n — 1))AH)* = 0.

; fon=1 ;[ n—1
Spec (D) = ( 0 Z\/n(n—l) Z\/n(n—l)) ‘

2n —4 2 2

Therefore
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Hence the skew-product of Randi¢ and sum-connectivity energy of S,,, A P, digraph is
1
Esprs (D) == 4 ﬁ .
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