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Abstract
In this paper, we obtain the coefficient co in the characteristic polynomial
of some well-known graphs and discuss the relation between co and the sum-
eccentricity energy of a graph. We introduce the concept of hyper sum-eccentricity
energetic graph. A new upper bound for the sum-eccentricity energy ES.(G) is
obtained. The sum-eccentricity energy of some well-known graphs are derived. We
show that ES.(S1,) = 6rz for the star St
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1 Introduction

In this paper, all the graphs are assumed to be simple connected graphs. Let G be a
simple graph with n vertices, m edges, and let A = (a;;) be its adjacency matrix, the
eigenvalues A1, Ag, ..., A, of A are the (ordinary) eigenvalues of the graph G [8]. Since
A is a symmetric matrix with zero trace, these eigenvalues are real with sum equal to
zero. The energy of the graph G is defined in [8], as the sum of the absolute values of its

eigenvalues:

E(G) =§w|.
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Details on the theory of graph energy can be found in the reviews [2,3, 5], whereas
details on its chemical applications in the book [7], and in the review [4]. The energy
of the complete graph K, is equal to 2(n — 1). An n-vertex graph G is said to be
hyperenergetic if F(G) > E(K,) [6]. Details on hyperenergetic graphs can be found in
the review [2].

The sum-eccentricity matrix of a graph G is denoted by S.(G) and defined as
Se(G) = (s45) [10], where

. e(v;) +e(v)), if viv; € E,
Y o, otherwise.

If o1, pto, ..., s, are the sum-eccentricity eigenvalues, then the sum-eccentricity energy

1S

ES.(G) =) _ |-
i=1

The distance d(u,v) between any two vertices u and v in a graph G is the length
of the shortest path connecting them. The eccentricity of a vertex v € G is e(v) =
max{d(u,v) : u € V(G)}. The radius of G is r(G) = min{e(v) : v € V(G)} and the
diameter of G is D(G) = maz{e(v) : v € V(G)}. Hence r(G) < e(v) < D(G), for every
v € V(G). A vertex v in a connected graph G is central vertex if e(v) = r(G), while a
vertex v in a connected graph G is peripheral vertex if e(v) = D(G), a graph G is said
to be self centered graph if e(v) = r(G) = D(G) [10].

Lemma 1.1. [10] Let G be a graph of order n and let
P(G,p) = cop™ 4+ crpi™ + o2+ .+ e

be the characteristic polynomial of the sum-eccentricity matrix of G. Then

1=

co=— > (e(vi)+ e(v;))?, for all viv; € E.

1<)

2 Elementary Results

Theorem 2.1. Let G be a graph of order n and size m. Then

4m

r}(G) < =2 < DX(G),
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with equality 7*(G) = 72 = D?*(G), holds if and only if G is a self centered graph.
Proof:  We have r(G) <e(v;) < D(G), foralli =1,2,...,n, so
(2r(G))? < (e(vi) +e(vy))* < (2D(G))?, 4,5 = 1,2, ...

Since r(G) > 1 and v;v; € E, using lemma 1.1, we get

n

4m(r(G))?* < Z e(vi) + e(vy))? < 4m(D(G))?
i=1,i
hence
G) < — < D*G
P(6) < 12 < D(G).
For equality to hold, let 7*(G) = 72 = D?*(G), then r(G) = D(G) = e(v;) for all
1 =1, 2, ..., n, hence G is a self centered graph. On the other hand, let G' be a self
centered graph, then 7(G) = D(G), which implies easily 7*(G) = 72 = D*(G). |

We investigate the values of the sum-eccentricity energy of some well-known graphs.

Theorem 2.2. Let G be a complete bipartite graph, G = K, ;. Then ¢; = —4%ab, where

a and b are integers with a and b > 2.

Proof: Lemma 1.1, gives

where vv; € E, and in K, each e(v;) =2,1=1,2,...,a+b.
Hence e(v;) +e(vj) =4, 4,7 =1,2,...,a+b, i # j. It is stay to compute the number of
elements in the summation. If we name the first set of vertices by A and the second set

by B, since each vertex in the set A adjacent to each vertex in the set B, then m = ab.
Thus

ab
Cy = — 242 = —42ab.

Corollary 2.3. For the star Sy ,, r > 2,

cy = —9r.
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Proof: Using the same equation in lemma 1.1, and the fact that e(v;) + e(v;) = 3, in
S, and since each v; adjacent only to the point in the center, then m = r,
thus

Ccy = 232 = —9r.
i=1

|
Theorem 2.4. Let G = K, then the eigenvalues p1, pto, . . ., ftn, will be
4/ab 0 —4Vab
SeSp<Ka,b) =
1 n-2 1
Proof: Using lemma 1.1, we get ¢, =0, k =1,3,4,--- ,n.
Hence the sum-eccentricity characteristic polynomial is
O(Kap, 1) = cop™ + crpi™ "+ -+ e
_ Iun _ 42ab,u"_2.
Which implies that
4ab 0 —4Vab
Sesp<Ka,b) =
1 n-2 1
|

Corollary 2.5. For the complete bipartite graph K,;, the sum-eccentricity energy is
ES.(K.p) = 8Vab.

We study the complete bipartite graph K, in case of a and b are both grater than
1. The following result gives exact value in case of a = 1 of the sum-eccentricity energy
of the star Sy,.

Theorem 2.6. The sum-eccentricity energy of the star S; , is

=

ESQ(SLT) = 67’ .
Proof: We claim that the characteristic polynomial of the star S, is

G(Syy ) = " = 9rp’
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We will show this by the method of mathematical induction,

if we assume r = 1, then

[T

QS(Sl,raﬂ) - -3 L

:u2—9.

Now we assume that it is true for r = k, i.e. ¢(Syg, pu) = p*t — 9kpk=1,

so for r = k 4+ 1 we have

u -3 —3 -3

3 4 0 0
¢(Stpsr, )= =3 0 0

-3 0 0 ol roxkro

now exchanging the first row and the second row and doing the same for the first column

and the second column we get

¢(51,k+1, p) =

— M<uk+1 _9kluk:—1) +3

w =3 0 0
—3 u =3 ... -3
0 -3 u 0
0 =3 0 oo

-3 =3 -3
0O wu O
0 0 pu
0O 0 0

= (™t = 9kt 4+ 3(=34F)

:Mk+2_9kuk_9,uk

K k+1xk+1
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Hence
(b(Sl,T? /’l’> = :uT+1 - 97,Iu7“*17

so the eigenvalues of S, are

I

which gives

=

ESe(Sl r) = 6r2.

)

3 A New Bound for the Sum-eccentricity Energy of a Graph

In this section we use Gershgorin disc theorem and find a new upper bound for the

sum-eccentricity energy of a graph G.

Definition 3.1. [11](Gershgorin disc) Let A = (a;;) € R™*", and let D;, be the closed
disc in the real plane centered at a; with radius r; = Z?:l,#j la;;|, then D; is called

Gershgorin disc.

Theorem 3.2. [11] If Ay, Ao, ..., \,, are the eigenvalues of A = (a;;) € R™™, then each
Gershgorin disc must have at least one eigenvalue i.e. D; = {x € R: |z —ay| < r;} =
D((ZZ'Z',T = T'Z').

Theorem 3.3. Let G be a graph of order n and size m then

where v;v; € E.

Proof:  For the graph G we have S.(G) is a real symmetric matrix with s; = 0,7 =
1,2,...,n, so the Gershgorin disc is D; = {x € R : |z| < r;}. Using Theorem3.2,

if we arrange ri,7r9,...,7,, and |u1|, [pal, - .., |fn], in a non-increasing manner, we get
‘:u’l‘ <r, |:U’2| STy, |:un| < The
Hence

n n

Sl <30
i—1

=1
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QZSU

1=1,i<j

.
—_

S
/\

=2 Z e(v;) +e(vy)), for all viv; € E.

1=1,i<g

Thus

where v;v; € F. |

4 Hyper Sum-eccentricity Energetic Graphs
The energy of the complete graph K, is 2(n — 1), [8].

Definition 4.1. [2] A graph G on n vertices is said to be hyperenergetic if
E(G) >2(n—1).

The sum-eccentricity energy of the complete graph K, is ES.(K,) = 4(n — 1), [10].

Definition 4.2. A graph G on n vertices is said to be hyper sum-eccentricity energetic
graph if
ES.(G) > 4(n—1).

Claim 4.3. There exist a complete bipartite graph that is hyper sum-eccentricity

energetic graph.

Theorem 4.4. The complete bipartite graph K, ,, a is a positive integer a > 1, is a

hyper sum-eccentricity energetic graph.

Proof: We have from Corollary2.5, ES.(K,,.) = 8a, so the total number of vertices in

K4 is n = 2a. Hence

ES.(Kua.) = 8a
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> 4(2a — 1)

= FES.(K,).
So K, , is a hyper sum-eccentricity energetic graph. [ |
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