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Abstract

Graph polynomials have been developed for calculate the structural information of
networks using combinatorial graph parameters and to characterize the graphs. Many
problems in graph theory and discrete mathematics can be treated and solved in a rather
efficient manner by making use of polynomials. In this research work, we introduce and
study a new graph polynomial called downhill domination polynomial of a graph along
with this new polynomial, we define the downhill domination roots of a graph. The down-
hill domination polynomial with its roots of some standard families of graphs and few
graphs of cycle related graphs such as complete graph, tadpole graph, lollipop graph, gear
graph and barbell graph are obtained. Downhill domination polynomials for book graph
and stacked book graph are established. Finally, we get general result for determine the
downhill domination polynomial of any graph of n vertices with 74,(G) = 1 and has r
minimum downhill dominating sets, also for a graph of n vertices with unique minimum
downhill dominating set with size s along with these general results, graphical representa-
tion are presented to show the behavior and positions of the downhill domination roots.
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1 Introduction

In this paper, we concerned only about connected simple graphs G = (V, E) which are finite,
undirected with no loops and multiple edges. The degree of a vertex v in a graph is the number
of edges incident with it, denoted by deg(v). A u — v path P in a graph G is a sequence of
vertices in G, starting with v and ending at v, such that consecutive vertices in P are adjacent,
and no vertex is repeated. We say that a path m = vy, vy, ...v41 1S @ downhill path if for every
i,1 <i<k, deg(v;) > deg(viy1) [4].

The following notations and different types of graphs well known in the literature [3] and [3].
A complete multipartite graph is a multipartite graph such that any two vertices that are not
in the same part have an edge connecting them. We will denote a complete multipartite graph
Double star is the graph obtained from K, by joining s pendent edges to one end and r pendent
edges to the other end of K5. A wheel W,, 1, n > 3 is the join of C), and K. A helm graph,
denoted by f,, is a graph obtained from W,,; by attaching an end edge to each rim vertex of
W,.+1, where the vertices corresponding to (), are known as rim vertices. The gear graph is a
wheel graph with a vertex added between each pair adjacent graph vertices of the outer cycle.
The gear graph G, has 2n+ 1 vertices and 3n edges. The sierpinski sieve graph S,, is the graph

obtained from the connectivity of the sierpinski sieve. The graph has 3(‘3%1“)

vertices and
3" edges. The tadpole graph 7, ; is obtained by joining a cycle C, and a path P by a bridge,
where r > 3 and s > 1. The lollipop graph L, , is obtained by joining a complete graph K,
and a path P; by a bridge, where » > 3 and s > 1. The n-barbell graph B,, is obtained by
connecting two copies of a complete graph [, by a bridge. The Cartesian product GG of two
graphs GG; and G, denoted G100G), has vertex set V(G) = V(G1)OV(G2), and two distinct
vertices (a, b) and (c, d) of G10G; are adjacent if either « = ¢ and bd € E(G5), or b = d and

ac € (Gy).

Aset S C V of vertices in a graph G = (V, F) is a dominating set if every vertex v € V is
an element of S or adjacent to an element of S. A downhill dominating set, abbreviated DDS,
is a set S C V having the property that every vertex v € V' lies on a downhill path originating
from some vertex in S. The downhill domination number ~,4,(G) equals the minimum cardi-
nality of a DDS of G [4].

Graph polynomials have been developed for measuring structural information of networks

using combinatorial graph invariants and for characterizing graphs. Various problems in graph
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theory and discrete mathematics can be treated and solved in a rather efficient manner by mak-
ing use of polynomials.

Various graph polynomials have been proven useful in discrete mathematics, engineering, in-
formation sciences, mathematical chemistry, and related disciplines. Numerous graph poly-
nomials were introduced in the literature, several of them also turned out to be applicable in
mathematical chemistry. One of the interested graph polynomials is the domination polyno-

mial of graphs [1]].

The downhill domination concept and the huge application of graph polynomial motivated
us to introduce a new graph polynomial called downhill domination polynomial of graph.
In this research work, we introduce new graph polynomial called downhill domination poly-
nomial and along with this polynomial, we define the downhill domination roots of a graph
exact values and expressions for the standard families of graphs, and some graph operations
are obtained.

2 Downhill Domination Polynomial

In this section, we define the downhill domination polynomial of graph and obtain this poly-
nomial along with its roots for some families of standard graphs.

Definition 2.1. For any graph GG of n vertices, the downhill domination polynomial of G is
define by DW (G, ) = 3iL, () dw(G, i)x’, where dw(G, ) is the number of downhill dom-
inating sets of size ¢ in G. The set of roots of DW (G, x) is called downhill domination roots

of graph G and denoted by Z4,(G).

Observation 2.2. Let GG be a connected regular graph of n vertices. Then, DW (G, z) =
(I+a2)"—1.

Corollary 2.3.
i. Let G be any cycle graph C,,, where n > 3. Then, DW (G, z) = (1 +z)" — 1.
ii. Let G be any complete graph K,,. Then, DW (G, z) = (1 4+ x)" — 1.

Observation 2.4. Let G = P, be a path of order n, where n > 4. Then, DW (G, x) =
(14 2)*((142)"2—1).
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Proposition 2.5. Let G = K, ; be a complete bipartite of r + s vertices, where s, > 2. Then,

142z =1 ifr=s;

DW(G,x) =
2" (1+ z)° ifr<s.

Proof: Let G = K, ; be a complete bipartite of r + s vertices, where s, 7 > 2. We have two
cases:
Case 1. If s = r, then G is connected regular graph. Hence, DW (G, z) = (1 + x)"* — 1.

Case 2. If r < s, then 4, (G) = r. In this case there is only one minimum downhill dominating

s
1

Also, for i = r + 2, there are (;) downhill dominating sets of size » + 2. This means, for

1=r+1,7r4+2,...,r + s, there are ( Sr) downhill dominating sets of size 7. Thus, we have

71—

DW(G,2) = (O> ot (Jz L ()
= ' K(S))x“ - G)x—I— o C)x]

set of size . Then, for + = r + 1 there are ( ) downhill dominating sets of size r + 1.

= z"(1+x)°
[ |
Theorem 2.6. Let G = K, ,, .. n, be complete multipartite graph of n vertices, where n =
% . n;. Then,
(14+z)"—1 if ni=mng=..=ny;
DW(G,z) = qa™ (1 +z)"™ if np<ng < ...<ny;
(I+a)"(1+a)?—1) if nm=ng=..=n;<..<ng,whered=3"'_n;.

Proof: Let G = K,,, »,...n, be complete multipartite graph of n vertices, where n = Ele 7.
We have three cases:

Case 1. n; = ny = ... = ny, then the graph G is connected regular graph. Hence, DW (G, z) =
(I+z)"—1.

Case 2. n; < ng < ... < nyg. In this case there is only one minimum downhill dominating sets
of size ny. This means, dw(G,ny) = 1. Then, for i = n; + 1,ny + 2, ..., n, there are ("_"1)

i—nnl

downhill dominating sets of size . Thus, we get

DW(G,z) = (n _On1>x"1 + (n _1n1>x”1+1 + .+ (n B nl)x"
n—mn;y
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— g [T 20+ nom T+ ...+ R DY
0 1 n—ng

= 2" (1+x)" ™.

Case3. ny=ng=..=n; < ..<npand d = 23:1 n;. In this case, there are d minimum

downhill dominating sets of size one. Then, we have

dw(G,1) = (T) - <” | d) —d.

Fori = 2,3,...,n — d. Every downhill dominating set of size ¢ must be contains at least one

minimum downhill dominating set. Then,

dw(G,2) = (Z) - (n;d>,...,dw(G,n—d) - (nﬁd> - (Z:§>

Fori=mn—d+1,...,n. Any ¢ vertices are downhill dominating set of size 7, then

dw(G,n—d+ 1) = (n_ZH),...,dw(G,n) - (Z)

Thus, we get

DW(G,z) =

Proposition 2.7. Let G = S, be a star of n + 1 vertices, where n > 2. Then, DW (G, x) =
x(1 + z)". Furthermore, Z4, = {0, —1}.

Proof: Let G = S, be a star of n + 1 vertices, where n > 2. It has only one downhill

dominating set of size one. Then, for: = 2,3,...,n + 1, there are (:1> downhill dominating
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sets of size 7. Thus, we have

DW(G,z) = <g>$ ++ n>x2 + ..+ (n)an

1 n

_ [(O)+ (g)x+...+ ()]

= z(l+x)"

Proposition 2.8. Let G = S, ,, be a double star graph of m + n + 2 vertices, where m, n > 2.
Then,

(14 z)™"(a? +22) if n=m;

DW(G,z) =
z(1+ x)?? ifm>n where d=m+n+ 2.

Proof: LetG = S, ,, be a double star of m-+n+2 vertices, where m,n > 2. Letd = m+n+2,
we have two cases:

Case 1. If m = n. In this case, there are two minimal downhill dominating sets of size one.

dw(G,1) = (f) — <dz2> = 2.

For: = 2,3,...,d — 2. Every downhill dominating set of size + must be contains at least one

Then, we have

minimum downhill dominating set. Then,

dw(G,2) = (;l) — <d;2>,...,dw(G,d—2) = (di) — @:Z)

Forv =d — 1,d. Any i vertices are downhill dominating set of size . Then

d d
dw(G,d—1) = (d— 1),alw(G,al) = (d)
Thus, we get

o = (-5 ()G (e
R (O

= (142 =(1+2)2
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= (1+2)7*((1+2)?-1).

Hence,
DW (G, x) = (14 )™ (2 + 27).

Case 2. If m > n. In this case there is only one downhill dominating set of size one. Then, for

1 =2,3,...,d + 1, there are (‘jj) downhill dominating set of size ¢. Thus, we get
 (d—1 d—1\ , d—1\ ,
DW(G,x) = < 0 )x—i—( 1 )x —l—...—l—(d_l)x
B d—1\ , d—1 d—1\ ;4
= x[( 0 )x —l—( 1 )a:—i—...—l—(d_l)x
= z(1+2)"h
Hence, DW (G, x) = x(1 + x)™ "+ ]

Proposition 2.9. Let G = H,, be a helm graph of 2n+1 vertices, where n > 5. Then, DW (G, z) =
z(1 + z)?". Furthermore, Zy,, = {0, —1}.

Proof: Let G = H,, be a helm graph of 2n+1 vertices, where n > 5. It has only one minimum
downhill dominating set of size one. Then, for ¢ = 2,3, ..., 2n + 1, there are (12_"1) downhill

dominating set of size . Thus, we have

DW(G,x) = <2(;1>:c + (21n> R S (;Z) i

. [(20) ; (21“)x+ - @H

= (14 )™

Similarly to Proposition [2.9] we can prove the result for gear graph.

Proposition 2.10. Let G = G, be gear graph of 2n + 1 vertices, where n > 4. Then,
DW (G, x) = (1 + x)*". Furthermore, Zg, = {0, —1}.

Proposition 2.11. Let G be a Sierpinski Sieve graph of m vertices , where m = ?’(?’%IH)
Then,

DW(G,x) = (1+z)*((1 +2)™* —1).
Proof: Let G = 5, be a Sierpinski Sieve graph of m vertices , where m = 3’(3%1“) from the

definition of Sierpinski Sieve graph, clearly, there are m — 3 minimum downhill dominating
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sets of size one, then, we have

For: = 2,3,

=) - (- ()-()

Now, for i = 4, 5, ..., m. Any ¢ vertices are downhill dominating set of size :. Then

dw(G,4) = (T),...,dw(G,m) - <m>

)

Thus, we get

DW(G,z) =

Theorem 2.12. Let G = T,,,, be a tadpole graph of m + n vertices. Then, DW (G, z) =
z(1 + z)™*"=1 Furthermore, Z4,(G) = {0, —1}.

Proof: Let G = T, ,, be a tadpole graph of m 4+ n vertices. It has only one minimum downbhill
dominating set of size one. Let d = m + n, then for i = 2,3, ..., d, there are (?:11) downhill

dominating set of size . Thus, we get

DW(G,z) = (dg 1>x+ (d; 1>x2 + ...+ (Z: Dxd

N

= z(1+z)" L
Hence, DW (G, x) = x(1 + z)™L, |

Proposition 2.13. Let G = L,,,, be lollipop graph of m + n vertices, then DW (G, z) =
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z(1+ x)™ "1 Furthermore, Z,(G) = {0, —1}.
Proof: The proof similarly to the the proof Theorem [2.12 [ |

Proposition 2.14. Let G be barbell graph of 2n vertices. Then, DW (G, z) = (1+x)2" =D (224
2x). Furthermore, Z4,(G) = {0, -1, —2}.

Proof: Let GG be barbell graph of 2n vertices. There are two vertices of degree n and all the

other vertices are of degree n — 1 so the graph has two minimum downhill dominating sets of

(G — (2;) B <2n1— 2)_

Fori = 2,3, ..., 2n — 2. Every downhill dominating set of size ¢ must be at least one of the two

size one. Then, we have

vertices of degree n — 1.

dw(G,2) = (22”) - (2”2_ 2) ey dw(G,2n — 2) = <2n27z 2) - (gz B ;)

For i = 2n — 1,2n. Any ¢ vertices are downhill dominating set of size i. Then
dw(G,2n —1) = (251‘1) and dw(G, 2n) = @Z) Thus, we get

N Ry R SR
* <2n27z 1) T @Z) o
= (%ﬁ)x—+“.+-<gz>x%1—-[<2n£_2>x-+“.+-<ZZ::;>1¥”ﬂ

= (1+2)" - (1+xz)?
= (1+2)™ (1 +2)*-1).

Hence,
DW(G,z) = (14 2)*" V(22 4 22).

Also it is obviously that Z,,(G) = {0, —1, —2}. |
Proposition 2.15. Let G = P,[JP,, be the grid graph of mn vertices, where m,n > 3. Then,

DW (G, x) = (14 z)XHm=2((1 4 z)m=2D(=2) _ 1),

Proof: Let G = P,[JP,, be the grid graph of mn vertices, where m,n > 3. There are (m —

2)(n — 2) minimum downhill dominating sets of size one. Letd = mn and t = (m —2)(n—2).
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dw(G,1) = @ _ (dzt> _

Forv = 2,3, ...,d —t. Every downhill dominating set of size ¢ must contains at least one vertex

Then, we have

from the ¢ vertices which is of degree 4.

dw(G,2) = (g) — (d;t>,...,dw(G,d—t) = (dit> - (2:;)

Now, fort =d —t+1,...,d. Any i vertices are downhill dominating set of size 7. Then

dw(G,d—t+1) = (d_ctl+1>,...,dw(G,d) = (3).

Thus, we get
i = [(-(5 e[l -G e
+ (d—i—i—l)del + .+ (Z)xd
= (f)x ot (j)xd - Kd I t):c ot <Z - z>xdt]
= (42— (1+a)+
= (I+2)"((1+2)-1)
Hence, DW (G, z) = (1 + 2)20+m=2((1 4 z)m=2n=2) _ 1), n

The m-book graph B,, is defined as the graph Cartesian product S,,[ 1P, , where S, is a star
graph of m + 1 vertices and P, is the path graph . The generalization of book graph is called
stacked book graph B,, ,, of order (m,n) and defined as the graph Cartesian product S,,[1F,,
where S,, is a star graph of m + 1 vertices and P, [3,5].

Theorem 2.16. Let G = B,, be a book graph of 2(m + 1) vertices, where m > 2. Then,
DW (G, x) = (1 + z)?*™(z* + 2x). Furthermore, Zy,(G) = {0, -1, —2}.

Proof: Let G = B,, be a book graph of 2(m + 1) vertices, where m > 2. We know that
van(G) = 1 and there are two minimum downhill dominating sets of size one. Let n =
2(m+1), then dw(G, 1) = (71‘) - (”12) = 2. Fori = 2,3, ...,n—2. Every downhill dominating
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set of size ¢+ must be contains at least one of the two vertices which of degree m, so

dw(G,2) = (Z) — (n;2>,...,dw(G,n—2) - (ni2> — (Z:;)

Now, any n — 1 and n vertices are downhill dominating set. dw(G,n — 1) = (nL) and
dw(G,n) = (Z) Thus, we get

[ ) o R e P
_ (T>$+(g>xz+...+(z)xn_ [(“;2>x+(";2)x2+...+(zjg>xn—2]

= (14+2)"—1+z)n—2

= (1+2)"2((1+z)?-1).

Hence, DW (G, x) = (1 + z)*™(2* + 2z). |

The generalization of Theorem [2.16]is obtained in Theorem 2.17]

Um,1 Um,2 Um,3 UV t—2 Um,t—1 Ut

V0,1 V0,2 V0,3 Vo,t—2 Vo,t—1 Vo.t

2,1 V2,2 V2.3 V22 U2,t-1 2,t

Figure 1: Stacked book graph B,,, ;.

Theorem 2.17. Let G = B,, ; be stacked book graph of ¢(m+ 1) vertices as in Figure|l} where
m >2andt > 3. Then, DW (G, z) = (1 + z)"™ (1 + )2 —1).

Proof: Let G = B,,; be stacked book graph of ¢(m + 1) vertices, where m > 2 and ¢t > 3 as

in Figure[l] It has ¢ — 2 minimum downhill dominating sets of size one (red vertices). Suppose
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that n = ¢(m + 1), then

dw(G,1) = (T) - <”_f+2> — -2

For: = 2,3,...,n — t 4+ 2. Every downhill dominating set of size ¢« must be contains at least

one vertex of the degree m + 2 (red vertices).

dw(G,2) = (Z) — <n_;+2>,...,dw((},n—t—l—2) = (n—TtL—i-Q) — (Z:ii;)

Fori =n —t+3,...,n. Any 7 vertices are downhill dominating set of size .

dw(G,n—t+3) = ( " ),...,dw(G,n) - (”)

n—t+3 n

Thus, we get

o = ([0 e )12 (e
_ (T)m+...+<z>xn_ K”—j+2>x+...+(Z:ﬁ;)xn—m]

= (I+z)"—(1+2)" "2
= (I+2)""™((1+2)2-1).

Hence, DW (G, z) = (14 z)"™2((1 +z)""2 - 1). |

Proposition 2.18. Let G = C,[1P,, be the graph with nm vertices, where m > 3. Then
DW(G,z) = (14 2)™((1 + z)""2 —1).

Proof: Let G = C,[0P,, be the graph with nm vertices, where m > 3. The graph has n(m—2)

minimum downhill dominating sets of size one. Then,

dw(G,1) = (”I”) _ (21”> — n(m—2).

Fori = 2,3, ..., 2n. Every downhill dominating set in G must be contains at least one minimum

downhill dominating set.

(G, 2) (;”) _ (22) o dw(G2m) = (;”L) _ (;)
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For,7 = 2n + 1, ...,nm. Any i vertices are downhill dominating set of size 7. Then.

dw(G,2n+1) = (2:7_7: 1),...,dw(G,nm) = (ZZ)
Thus, we get
DW(G,x) = (nm>x+ (nm>x2+...+ <nm>xnm_ [<2n>x + <2n> 2+ ..+ <2n>x2”] :
1 2 nm 1 2 2n
Hence, DW (G, ) = (1 + z)?*((1 + z)"(m=2 —1). |

Corollary 2.19. For any connected regular graph G with n vertices and m > 3, then DW (GOP,,, x) =
(14 2)™((1 + z)"m=2) —1).

Finally, we get two general results for the downhill domination polynomial of graphs.

Theorem 2.20. Let G be a graph of n vertices with 74,(G) = 1 and has » minimum downhill
dominating sets. Then, DW (G, z) = (1 +2)" — (1 + )" ".

Proof: Let G be a graph of n vertices with 74,(G) = 1 and has  minimum downhill domi-

dw(G, 1) = (g‘) - (” | r) =

Fori = 2,...,n — r. Every downhill dominating set of size ¢ must be contains at least one

nating sets. Then, we have

minimum downhill dominating set. Then

dw(G,2) = (Z) - <n;T>,...,dw(G,n—T) - (nﬁr> - (Z::)

For: =n —r+1,...,n. Any ¢ vertices are downhill dominating set of size 7. Then

n

dw(G,n—r+1) = (n_Hl),...,dw(G,n) - (Z)

Thus, we get

v = )7 )] +-o[(12) -G
N e
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By using Matlab 2017, we have write code to calculate the downhill domination roots of the

graph of n vertices with ~4,(G) = 1 and has r minimum downhill dominating sets.

In Figure 2] we present the behaviors and positions of the downhill domination roots of all
the graphs of n < 20 vertices with 74,(G) = 1 and has » < 20 minimum downhill dominating
sets.

‘h...
081 .'l LR
0.6 n' ‘."c

ol \

0.2

0 [ []

02

04t .‘ /

D6 L] .’
s
08F .‘\ ."..

[ ]
S0
R I | I w I I I |
2 A8 A6 14 12 4 08 06 04 02 0

Figure 2: The positions of downhill domination roots of all the possibilities of the graphs of
n < 20 vertices with 74,(G) = 1 and has » < 20 minimum downhill dominating sets

In the same way in Figure [3] we present the behaviors and positions of the downhill domi-

nation roots of all the possibilities of the graphs of n < 100 vertices with v,4,(G) = 1 and has
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r < 100 minimum downhill dominating sets.

Figure 3: The positions of downhill domination roots of all the possibilities of the graphs of
n < 100 vertices with v4,(G) = 1 and has » < 100 minimum downhill dominating sets

Theorem 2.21. Let GG be a graph of n vertices with unique minimum downhill dominating set
with size s. Then DW (G, z) = 2°(1 4+ x)"*.

Proof: Let G be a graph of n vertices with unique minimum downhill dominating set with size
s. This means, dw(G, s) = 1. Then, fori = s + 1, ..., n, there are (7;:;) downhill dominating

set of size 7. Thus, we get
DW(G,x) = PR e (T e e (T
0 1 n—s

_ x[<"g>+(";>++(2:)]

= 2°(14x)"".
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