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Abstract

Prime labelling originated with Entringer and was introduced by Tout, Dab-
boucy and Howalla [5]. A Graph G = (V, E) is said to have a prime labelling if its
vertices are labeled with distinct integers 1,2,3,...,|V(G)| such that for each edge
xy the labels assigned to x and y are relatively prime. A graph admits a prime la-
beling is called a prime graph. In this paper, we prove that P,,,(Sy), T (Cn),L(Cy),
D(W,) and C(L,) ® K, are prime graphs.
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1 Introduction

A simple graph G = (V, E) is said to have order |V| and size |F|. A graph G is said to
have a prime labeling (or called prime) if its vertices are labelled with distinct integers
1,2,3...,|V(G)|, such that for each edges xy € F(G), the labels assigned to z and y are

relatively prime [2]. The following definitions and notations are used in main results.

Definition 1.1. A graph is obtained from a path P, with vertex set
Uy, Us, - - ., Uy, by joining all consecutive vertices by path P, with vertex set vy, vs,..., v,
in such a way that merging v; with u; and v, with w1, 1 <4 <n —1 and so on. Then

P,(S,), V mn is called as polygonal snake graph.
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Definition 1.2. The lotus inside a circle L(C,) is a graph obtained from the cycle
Chiuq, Ug, . . ., Uy, up and the star K ,, with central vertex v and the end vertices vy, v, ..., v,

by joining each w; to v; and v;y1 (modn) with residues 1,2,...,n.

Definition 1.3. A m-wheel graph of size n can be composed of
mC,, + K, that is, it consists of m cycles of size n, where all the vertices of the m
cycles are connected to a common vertex vg. When m = 2, we call it as double wheel

graph.

Lemma 1.4. If G is a prime graph of order n, then the independence number 3 (G) >

| 5], where || is the greatest integer less than or equal to x

2 Prime Labeling of Cycle Related Special Class of Graphs

Theorem 2.1. The graph P,,(S,) is prime, Ym, n

Proof: Let G = P,,(5,)

Let V(G) = {vp-n-1+i/1 <k <m —1,1 <i <n— L U{vm-1)im-1)+1}

Let E(G) = {V(n-1)(k-1)+Vn-1)(b-1)4i41/1 Sk <m —1,1<i <n—1}

There are (m — 1)(n — 2) + m vertices and n(m — 1) edges.

Define f: V — {1,2,...,(m — 1)(n — 2) + m} by
flw)=41=1,2,....(m—1)(n—2)+m

ged (f(vi), f(vig1)) = ged(i,i+1)=1,i=1,2,...,(m = 1)(n —2) +m

ged (f(vm-1yt-1+1), f(Vm-141)) = ged((n = 1)(k = 1) + 1, (n = Dk +1) = Lk =
1,2.....m—1

Hence, P,,(S,) is a prime graph,Ym, n. [
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Example 2.2.

Figure 1: P3(S5)

Theorem 2.3. T,,(C,,) is a prime

Proof: Let G =T,(C,)

Let uy, us, ..., u, be the vertices of the cycle C,,, and uy = vy, v9,v3, ..., 0,11 be the base
vertices of the cycle C3 and wq,ws, ..., w, be the upper vertices of the cycle Cs.

Let V(G) = {us,vj,wp/i =1,2,...,mand j =2,3,... . n+1and k=1,2,...,n}

Let E(G) = Awuig,upw/i = 1,2,....m — 1} Hvvjp,un = v
/i =2,3,...,n} H{wvg, wgvks1 /k =1,2,...,n}

Define f: V(G) — {1,2,...,2n+m} by

flur =v1) =1,

fu)=2j—1,j=23,... .n+1

flwg) =2k, k=1,2,...,n

flu;)) =2n+1i,1=2,3,.

ged (f(u;) f(uiﬂ)):gcd(2n+2’,2n+i—|—1):1,2':2,3,...,m—1
ged (f(w), f(u2)) = ged(1,2n +2) = 1

ged (f(vg), f(vjp)) =ged(2j — 1,25 +1)=1,7=1,2,...,n

vg)) = ged(2k,2k — 1) =1,k=1,2,...,n
ng (f(wk)a f(vk+1>> = ng(zkﬂ 2k + 1) = 17 k= 1727 N
Hence, T,,(C,,) is a prime graph. [ |
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Example 2.4.

\—./ Figure 2:75(Cy)

Theorem 2.5. L(C),) is prime if and only if n # 1 (mod3), n > 3

Proof: Suppose n # 1 (mod 3)

Let G = L(C,)
Let V(G) = {u;, v, v/1 < i <n}
Let E(G) = {{vy;/1 < i < n}pUH{wun/l < i < n — 1} Huaw U

{viu; /1 <i < n}U{viu /1 <i<n—1}H{viu,}
There are 2n + 1 vertices and 4n edges.

Define f: V(G) — {1,2,...,2n+ 1} by f(v) =1
flv;)=2i,i=1,2,...,n

flu;)) =2i+1,i=1,2,...,n

ged(f(v), f(vy)) = ged(1,21) =1,i =1,2,...,n

ged(f(ug), fuitr)) = ged(2i+1,2i+2)=1,1=1,2,...,n—1
ged(f(uy), fluy)) = ged(3,2n+1) =1

ged(f(v), f(w)) = ged(2i,2i+ 1) =1,i=1,2,...,n

ged (f(vigr),f(wi)) = ged(2i+2,2i+1)=10=1,2,...,n—1

Hence L(C,,) is a prime graph if n # 1 (mod3),n > 3

Let n = 1(mod 3)

Suppose L(C,,) is a prime

Let vy, vs,...,v, be the outer rim vertices and let wuq,us, ..., u, be the interior vertices

and u be the center of L(C,,).



Prime Labelling of Cycle Related Special Class of Graphs 53

Note that there are n even numbers and n + 1 odd numbers in {1,2,...,2n + 1}.
First we label an even number to one of the outer rim vertices , say,v;. As v is adjacent
with all the interior vertices and n > 3, then remaining n — 1 even numbers should be
labelled to interior vertices only. Since vy is adjacent with two interior vertices, so we
can label even numbers to n — 2 remaining vertices only. But we have to label n — 1
even numbers to interior vertices, this is not possible.Therefore, we cannot label any even
number to the outer rim vertices. Hence, the only possibility is to label all the n even
numbers to n interior vertices.

If n = 1(mod3), then 2n + 1 = 3l.Now,{1,2,...,2n + 1} contains 2”;1 numbers which

are multiples of 3. The rim vertices contain %2 vertices whose labels are multiples of

3 and these vertices adjacent with @ even numbered interior vertices, so these@

vertices cannot ba labelled with multiples of 3.

vertices must be labelled with even numbers which are not multiples

Hence, these @

2(n+2)

5 interior vertices are labelled with even

of 3. As there are n interior vertices, already

. . .. . . . 2 2 —
numbers which are not multiples of 3, so the remaining interior vertices = n— % = "T‘l

are to be labelled as multiples of 3. But {1,2,...,2n 4 1} contains "T’l even numbers

which are multiples of 3 and they should be assigned among ”%4 vertices, this is not

possible. Hence, L(C,,) is not a prime graph if n = 1(mod 3). [

11
Example 2.6.

Figure 3:L(C5)
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Theorem 2.7. D(W,,) is prime if and only if n is even

Proof: Let G = D(W,,)

Let uq,us,...,u, be the vertices of the inner wheel and vy, vs,...,v, be the vertices of
the outer wheel. Let w be the central vertex.

Let V(G) = {w, u;,v;/1 <i<n}

Let E(G) = {wu;, wvi, ujujp1, 00541, Uitn, 110,/1 <i<nand 1 <j<n-—1}
There are 2n + 1 vertices and 4n edges

Define f: V(G) — {1,2,...,2n+ 1} by f(w) =

suppose n is even .

Casel: If n = 0,2(mod6)

flu))=i+1,i=1,2,...,n

flv)=n+i+1i=12,.

ged(f(w), f(u; )):gcd(l,i—i—l)zl,i:1,2,...,n

ged(f(w), f(v;)) = ged(l,n+i+1)=1,i=1,2,....n

ged(f(uwg), f(uigr)) = ged(i+1,i+2)=1,1=1,2,. -1
ged(f(ur), £ () = ged(1,n+ 1) = 1

ged(f(v1), f(u)) = ged(n+2,2n+1) =1

ged(f(v), f(vip1)) = ged(n+i+1,n+i+2)=1,i=1,2,....,n—1

Case2: If n = 4(mod6)
flu;))=i+3,i=1,2,...,n

for) =2, f(v2) =3
flvi))=n+i+1,i=3,4,...,n
ged(f(ug), f(uipr) = ged(i +3,i+4)=1,i=1,2,...,n—1
ged(f(w), fun)) = ged(4,n +3) =1
ged(f(vr), f(vn)) = ged(2,2n+1) =1
ged(f(v2), f(vs)) = ged(3,n +4) =1
ged(f(v), f(vip1)) = ged(n+i+1,n+i+2)=1,i=3,4,....,n—1

Hence,D(W,,) is a prime graph if n = 0,2,4 (mod 6)
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Conversely, if n is odd then 3(D(W,,)) =n — 1 and | D(W,,) |= 2n + 1
Also, B(D(Wy)) =n—1< [ #5] =n

2

By lemma 1.4, D(W,,) is not a prime graph.
Example 2.8.

Case(i):

Figure 4: D(Wg)

95
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Case(ii):

Figure 5: D(Wy)
Theorem 2.9. G = CL, ® K; is a prime graph if n > 3

Proof: LetV(G) = {w;, w1, v;,vi1/1 <i <n}

E(G) = {ujuit1, vivip1/1 < i < n — 1} H{unur, vpvr F U{wiwin, vivin, wivg /1 < i < n}
Then |V(G)| = 4n and |E(G)| = 5n

Let f: V(G) — {1,2,...,4n} be defined as follows

flun) =4, f(v1) =2, f(on) =3

flu;)) =4i—-3,1<i<n

flupg)=4i—-2,2<i<n

flo)=4i—1,2<i<n

flvi)=4i,2<i<n

ged(f(ug), f(uipr)) = ged(4i — 3,41 +1)=1,1<i<n-—1
ged(f(v), f(vig1)) = ged(4i — 1,40 +3)=1,1<i<n-—1
ged(f(uw;), f(uin)) = ged(4i — 3,41 —2) =1,2<i<n
ged (f(vy), f(vin)) = ged(4i —1,4i) =1,2<i<n
ged (f(ug), f(v)) = ged(4i —3,4i —1)=1,2<i<n

Hence, G is a prime graph.
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Example 2.10.

Figure 6:C'L; © K;
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