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Abstract

Let G = (V, E) be a finite and simple graph. A radio labeling of a graph G is a
function f : V(G) — {1,2,...,l} suchthat |f(u) — f(v)| > 1+diam(G) — dg(u, v) for
every pair of vertices u,v € V(G), where diam/(G) is the diameter of G and dg(u,v) is
the distance between w and v in G. The radio number of a graph G, denoted by rn(G), is
the smallest such integer [ such that G admits a radio labeling. Let T'(G) be the total graph
of G and a, 3 be two elements of V(T'(G)). Then, the associativity of v and £ is assigned
as + if the dp(g)(a, B) < k, otherwise it is assigned as —. Let xyz be a 3-permutation
of the set {+, —}. The pair o and § is said to correspond to one of x,y or z of xyz if
a and § are either both in V(G) or in E(G), or one of them is in V(G) and the other
in E(G) respectively. The transformation graph (G*¥*); of G is the graph whose vertex
set is V(G) U E(G), where two of its vertices, a and /3, are adjacent if and only if their
associativity in G is consistent with the corresponding element of xyz. In this paper, we
completely determine the radio number of transformation graphs of a path, for the case
k=2.
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1 Introduction

The graphs considered in this paper are finite, simple, and undirected. The terms not defined
here may be found in [1L [7]. Let dg(u,v) or simply d(u,v) denote the distance between the
vertices v and v in G. The maximum of all these distances in G is called the diameter of G
and is denoted by diam(G). For each vertex v, the i"-open neighbourhood of v is the set
N;(v) = {u € V(G) : d(v,u) = i}. Let Pg(i) = {{z,y} : dg(x,y) = i}. Each element in
Pr(7) is called a k;-pair of G. Further, a sequence x1, %o, ..., z; of vertices of G is called a
P (i) path if {z;, x;11} € Pg(i) foreach 1 <i < j — 1. The k;-degree of a vertex v, denoted
by degy, (v), is defined as degy,(v) = |N;(v)|. Let K(G) be a weighted complete graph of
order |V(G)| with weight w(zy) = dg(x,y). Then (Pg(i)) is an edge induced subgraph of
K(G).

Labeling of a connected graph G is defined as an injection f : V(G) — {1,2,...,(}. Radio
Fu) = ()] > 1+ diam(G) —
dg(u,v), for every u,v € V(G). The radio number of f, denoted by rn(f), is the maximum

labeling is one such labeling of G with a special property,

integer assigned to a vertex of G by the labeling f. Radio number of G is the min{rn(f)} over
all such radio labelings f of G. A radio labeling f of G is said to be a minimal radio labeling
of Gifrn(f) = rn(QG).

The channel assignment problem introduced by W. K. Hale et al [6]] in 1980 paved way to
the concept of radio labeling. This is applied in restricting FM radio channels [3]] to eliminate
unwanted disturbance or noise, consequently improving the clarity. The objective of the prob-
lem is to obtain the lower bound of the maximum frequencies of all the radio stations under the
network. The concept of radio labeling was introduced by G. Chartrand, D. Erwin, P. Zhang,
and F. Harary in [2]. Various authors have obtained the radio number of several networks in
(418,19, 10% 11}, 112, [13, 114} 16, [17].

In 2005, D. D. F. Liu and X. Zhu [11] calculated the radio number for paths and cycles. The
radio labeling of square of paths was later obtained by D. D. F. Liu and M. Xie in [[10]. The
results of [10] have been generalised to k" power of a path by P. Devadasa Rao, B. Soorya-
narayana and Chandru Hegde in [S]. We recall the following result from [S]] for immediate

reference.
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Theorem 1.1 ([S]]). For any two positive integers n and k£ with 2 < k < n — 2,

2kp? + 2, if (m=0)or(m=1)andn <4k +1

2kp* + 3, if (m=1)andn >4k +1
r(P¥) = 2kp* + 2kp+m+1, if 2<m <k

2kp® + 2kp +m, if m=k+1

2kp? +4kp +2k +2, if k+2<m<2k—1

where p = | 5| and m = n — 2kp.
Theorem 1.2 (D. D. F. Liu and Xuding Zhu [11]). For any integer n > 2,

1, if n—3
rn(P,) = ¢ 2k* + 3, if n=2k+1landk >1
ok —1)+2, if n=2k

Theorem 1.3 (D. D. F. Liu and Xuding Zhu [11]). Let C), be the n-vertex cycle, n > 3. Then

(C) = { "iz(n)ﬁ if n=0,2(mod 4)
2

(n) if n=1,3(mod4)

kE+1, ifn=4k+1
k+ 2, ifn =4k + r for somer =0,2,3

where ¢(n) = {

In 2001, Wu and Meng [15] introduced a new graphical transformation which generalizes
the concept of total graph. In this paper, we generalise the concept of transformation graphs
introduced by Wu and Meng in [15] and determine the radio number of its particular case for
the path F,.

2 Generalised Transformation Graph

Let G = (V, E) be a finite and simple graph and «, § be two elements of V' (G) U E(G). Let
T'(G) be the total graph of G. If dpc)(a, 3) < k, then the associativity of a and 3 in G is
taken as + , else it is counted as —. Let zyz be a 3-permutation of the set {+, —}. There exists
eight transformation graphs of G corresponding to the eight distinct 3-permutations of {+, —}.
A pair of vertices o, 5 € T(G) is said to correspond to x if both o, 5 € V(G), y if both
o, 3 € E(G) and z if one is in V(@) and the other is in £(G). The k' transformation graph
(G"¥%), of G is the graph whose vertex set is V(G) U E(G), where two of its vertices « and 3

are adjacent if and only if their associativity in GG is consistent with the corresponding element
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of zyz. In particular, (G*¥%); = G*Y*, Gt is exactly the total graph T'(G), and G~~~ is the
complement of 7'(G). The other six graphs Gt*~ and G+, Gt~ tand G~"";and G~ and
G~ form three pairs of complementary graphs. For example, the graph (P*¥#); is shown in
Figurel]]

Figure 1: The graph (P5~1)s.

Remark 2.1. From the definition of radio labeling it follows immediately that
(@) = [V(G)]. (1)

3 Main Results

Since the transformation graph (P;), is isomorphic to P, _, for n > 3 and isomorphic to
Cs if n = 2, from Theorem [I.1| (for n > 3) and Theorem[I.3] we have the following theorem:

3 if n=
8p* + 3 if n=1(mod4)
Theorem 3.1. For any integern > 2, rn((P, ")) =< 8p? +8p+4  if n =2(mod4)
8p* +8p+5 if n=3( )
8p2 + 16p+ 10 if n = 0(mod 4)

where p = [ 221 ]

In the next sections of this paper, we prove the following theorems, that correspond to the

remaining seven k'"-transformation graphs of the path P, for the case k = 2.

16 if n=6

Th 3.2. F int > 6, P 7)) =
eorem or any integer n > 6, rn((P,; =" )2) { om—1 if n>7
4 if n=2
Theorem 3.3. For any integer n > 2, rn((P; 1)) =< 6 if n=3
2n—1 if n>4
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Theorem 3.4. For any integer n > 6, rn((P, 7)) =

Theorem 3.5. For any integer n > 2, rn((P,;71)s) =

Theorem 3.6. For any integer n > 5, rn((P}~ 7)) =

Theorem 3.7. For any integer n > 2,

8

9

10
(P 1)) =14 3n+2
3n+1
3n
3n—1
3n — 2

if
if
if
if
if
if
if
if
if

n=2
n=3
n=4
n=>5
6<n<g8
n=29
n =10
n=11
n>12

Theorem 3.8. For any integer n > 4, rn((PT7),) =

18
24
2n — 1
4
7
8
2n —1
3n+3
3n + 2
3n+1
3n
3n—1
21
20
2n —1
12
2n —1

if
if
if

if
if
if
if
if
if
if
if
if
if
if
if

if
if

n==~06
n==7
n>8
n=2
n=23
n =
n=>5,6
7T<n<9
n =10
n=11
n =12
n>13
n=>5
n==~06
n>"7
n=4
n>9

Note: For those values of n not indicated in the above theorems, the graph G is disconnected

or trivial.

4 Diameter and a lower bound

Since the diameter of the graph P*Y# is a constant for each x,y, z € {4, —} except for zyz =

+ + +, the proof of the following theorem is an easy exercise.
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Theorem 4.1. For a given positive integer n > 2,

1 if [(zyz =+ — +) & (n =2)]
if [(ayz=——=)& (n 2 7)]
or [(zyz = +) & (n > 2)]
or [(zyz = =) & (n = 8)]
or [(xyz = —++)&(2§n§6)]
or [(zyz=+—-—-)& (n>7)]
or [(zyz=+—+) & (3 <n <5H)
diam((PyV*)y) = or [(zyz=++—-)& (n >5)]
3 if [(zyz = —) & (n = 6)]
or [(zyz=—-+—-)& (n=26,7)]
or [(zyz=—++)& (n>7)]
or [(zyz=+——) & (n=06)]
or [(zyz=+—+) & (n > 6)]
or [(zyz=++—-) & (n=4)]
4 if [(zyz =+ — —) & (n =5)]

Let f be a radio labeling of the graph G of order n and x4, x5, ..., z, be the re-labeling
of the vertices of G such that f(z;) < f(x;) whenever ¢ < j. The sequence 1, o, ..., T, is

called an f-sequence of GG. Further for an f-sequence of GG, we see that

) = o) = S [f ) = )] 2 S diam(G)+ 1= d(r, i)

= Y [diam(G) +1] - ”2:1 d(xi, i)

Therefore,
f(zn) 2 f(z1) + (V(G)] = 1)(diam(G) + 1) = 5 2)

where S = Z'V - ld(xl-,xiﬂ).

In view of inequality (2), we see that f(z,,) is minimum, for any radio labeling f, if f(x1) =

1 and S is as maximum as possible. But, taking d(z;, x;+1) = k;, we see that

V(G)|-1 diam(G)

i=1

=1
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with YV, = 2n — 2, 05 € Z+ U {0}, and o; < min{|V((Pa(d)))] — 1, |Pa(d)]}.
Thus, finding the radio number of G is equivalent to solving the Linear Integer Programming
Problem in GG such that the vertex pairs corresponding to a feasible solution set form a
Hamiltonian path in K (G).

Lemma 4.2. If f be a radio labeling of a graph G of diameter d with equality in (2), then for
any three consecutive vertices u, v, w in the f-sequence of G with {u,v},{v,w} € Pg(d),
d(u,w) >d— 1.

Proof: Suppose to the contrary that d(u, w) < d — 2, then, by the definition of radio labeling,
it follows that f(w) = f(u) 4+ 2. Hence, 2 = |f(w) — f(u)| = 1 + diam(G) — d(u,w) >
1+d— (d—2) =3, acontradiction. [

Let G = P?¥*. Then |V (G)| = 2n — 2. We now find optimal integer solutions for the above
L.PP. (3) in different cases as follows.

Casel: zyz = — — —.

When n = 6, the diameter of G is 3, |V ({P(3)))| = 6 and | P(3)| = 6. So the maximum
possible value of a3 = 5, (since oy < max{|V ((Pz(7)))| — 1, |Pz(7)|}) and the next maximum
possible value of as = 5 (since ag + o + a3 = 2n — 2 = 10), the optimal value of L.P.P.
is max S = Y7 | ia; = 25. Substituting these in inequality (2), gives rn(G) > f(z,) =
1+ 10(4) — 25 = 16. Thus, in this case, in view of inequality (for n > 7), we have;

16 if n=6

r((By77)2) 2 { 2n—1 if n>7 @)

Case 2: xyz = — — +.

When n = 2, G = P; and hence the result follows by Theorem When n = 3, the
diameter of G is 2 and |P;(2)| = 4 and maximum possible value of oy = 3 (since (Pg(2)) =
Cs U P5, and hence maximum possible ky-pairs in f-sequence of GG is 3) and with the next
maximum possible value of oy = 1 (since oy + oy = 2n — 2 = 4), the optimal value of

L.PP. (3) is maxS = Y2 ,ia; = 7. Substituting these in inequality (2), we get rn(G) >
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f(z,) =14 4(3) — 7 = 6. Thus, in this case, in view of inequality (1)) (for n > 4), we have;

4 if n=2
rn((P, 1)) >4 6 if n=3 (5)
2n—1 if n>4

Case 3: zyz = — 4+ —.

When n = 6, the diameter of G is 3 and a3 = maximum possible value = |P5(3)| = 3,
and with the next maximum value of ay = 7 (since az + as + a3 = 2n — 2 = 10), as above,
inequality (2)) yields rn(G) > f(z,) =1+ (10)(4) — (23) = 18.

When n = 7, the diameter of G is 3 and a3 = maximum possible value = | P;(3)| = 1, and
with the next maximum value of as = 11 (since ag + @ + a1 = 2n — 2 = 12), inequality
gives rn(G) > f(xz,) = 1+ (12)(4) — (25) = 24.

Thus, in this case, in view of inequality (for n > 8), we have

18 if n=6
rn((P,F7)g) > 24 if n=7 (6)
2n—1 if n>8

Case 4: xyz = — + +.

When n = 2, the diameter of G is 2 and |P;(2)| = 1. The maximum possible value of
s = 1 and with the next maximum possible value of a; = 1, inequality gives rn(G) >
flan) =1+ 03)(2) - (3) =4

When n = 3, the diameter of G is 2 and |P;(2)| = 3. The maximum possible value of
ay = 2 (since (Pg(2)) = C3) and with the next maximum possible value of a; = 2 (since
ay + a; = 2n — 2 = 4) inequality ) gives rn(G) > f(x,) =1+ (4)(3) — (6) = T.

When n = 4, the diameter of G is 2 and |V ((Pz(2)))| = 6. Thus, the maximum possible
value of oy = 5, and maximum possible value of a; = 1 (since ay + @3 = 2n — 2 = 6). So
inequality (2), gives rn(G) > f(z,) =1+ (6)(3) — (11) = 8.

When n = 5, 6, result follows by inequality [I|as rn(G) > |V(G)| = 2n — 1.

When 7 < n < 9, the diameter of GG is 3. In view of Lemma and Figure 2} it is
easy to observe that at most one k3 edge is incident with each vertex in any f-sequence of

G. Therefore, at most 1, 2, and 3, ks-pairs lie in any f-sequence of G respectively when
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n =178 and 9. So, a3 = n — 6 forn € {7,8,9}. The next maximum value for ay = n + 4
(since a3 + as + oy = 2n — 2), and hence by inequality (), we get rn(G) > f(z,) =
14+ (2n—2)(4) — (5n — 10) = 3n + 3.

el‘\
€6

Figure 2: The graphs Py(3) for the cases n = 7,8 and 9.

When n = 10, the diameter of G is 3. In view of Lemma {.2] and Figure [3] it is easy
to observe that each f-sequence of GG has at most one k3 edge incident with the vertices in
(Pz(3)) except e; and es. So a3 = number of k3 edges incident with the vertices in any f
sequence H of G = 53, cp 3 degy(e) = 32+2+1+1+1+14+1+1] =5 and
the next maximum value for ap, = 13 (since as + as + a; = 2n — 2 = 18). From the
optimal value of L.P.P. , max S = 2 io; = 41 and hence by inequality , we get
rm(G) > f(z,) =14 (2n —2)(4) — (41) = 32 = 3n + 2 when n = 10.

e

Figure 3: The graph (P;(3)), for n = 10. Figure 4: The graph (Pg(3)), for n = 11.

When n = 11, the diameter of GG is 3. In view of Lemma and Figure [] it is easy to
observe that each f-sequence H of GG has at most one k3 edge incident with ¢; in (P(3)) for
every 3 <i<8.S0a3=35Y pepo3degy(e) = 5242424241 +1+1+1+1+1]=7
and the next maximum value for a, = 13 (since as + as + a3 = 2n — 2 = 20). From
the optimal value of L.P.P. , max S = Y% | iq; = 47 and hence by inequality , we get
rm(G) > f(z,) =14 (2n —2)(4) — (47) =34 =3n+ 1 whenn = 11.
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N7/
VA
W\
g
INY/,

NS
1N
b
"
Y
3

AW
(X
X

Y bt 1’%

10 €9

Figure 5: The graph (P(3)) for the case n = 12,13.

When n = 12, the diameter of G is 3. In view of Lemma [.2] and Figure [3] it is easy to
observe that each f-sequence H of GG has at most one k3 edge incident with e; in (P(3)) for
i=4,5,7,8.80a3=3 > yepyn degy(z) = 3[2+24+2+424+2+2+241+14+1+1] =9
and the next maximum value for oy = 13 (since a3 + a3 + a3 = 2n — 2 = 22). From
the optimal value of L.P.P. , max S = Y% | ic; = 53 and hence by inequality , we get
rn(G) > f(z,) =14 (2n —2)(4) — (53) = 36 = 3n when n = 12.

When n > 13, the diameter of G is 3, |V ({Pz(i)))] = n — 1 and |P5(i)| = ("_4)2&.
Hence maximum value for oz = min{n — 2, W} = n — 2 and the next maximum value
for ay = n. Therefore, the optimal value of L.P.P. is max .S = Zf’zl 1a; = bn — 6 and
hence by inequality (), rn(G) > f(z,) =1+ (2n —2)(4) — (5n — 6) = 3n — 1.

Thus, we have;

4 if n=2
7 if n=3
8 if n=4
2n—1 if n=25,6
rn((Py 1)) >4 3n+3 if 7<n<9 7

3n+2 if n=10
3n+1 if n=11
3n if n=12
3n—1 if n>13

Case 5: ryz =+ — —.

When n = 5, the diameter of G is 4 and (P (4) U P(3)) which is isomorphic to the bistar
B3 3 as shown in Figure @ Therefore, the two feasible choices are; ay = 1, a3 = 2,0 = 5
or ag = 0,3 = 4, a9 = 4. In either of the cases we get max S = 20. Substituting these in
inequality (2), gives rn(G) > f(z,) =1+ (8)(5) — (20) = 21.
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Figure 6: The graph (P;(4) U P;(3)) for the case n = 5.

When n = 6, the diameter of G is 3 and i3 = maximum possible value =| P (3)| = 1, and the
next maximum possible value of i, = 9, the optimal value of L.P.P. (3) is max S = 32 _, ia; =
21. Substituting these in inequality (), gives rn(G) > f(z,) = 1+ (10)(4) — (21) = 20.

Thus, in this case, in view of inequality (I)) (for n > 7), we have;

21 if n=5
rm((PF= 7)) >4 20 if n=6 (8)
2n—1 if n>7

Case 6: ryz = + — +.

When n = 2, the result follows from Theorem When n = 3, the diameter of G is
2 and a; = maximum possible value =|P;(2)| = 1 and the next maximum value for o;; = 3.
Substituting these in inequality (2)), we get rn(G) > f(z,) = 1+(4)(3) —5 = 8. Whenn = 4,
the diameter of G is 2 and | P;(2)| = 6,
a9 =4, and the next maximum value for a; = 2. The optimal value of L.P.P. is max S =
2 | ia; = 10. Substituting these in inequality (2), gives rn(G) > f(z,) = 1+(6)(3)—(10) =
9. When n = 5, the diameter of G is 2 and and |Ps(2)| = 14, |V({(Ps(2)))| = 8. Thus
maximum possible value of ay =7 and the next maximum value for a; = 1. The optimal
value of L.PP. (3) is maxS = Y7 ia; = 15. Substituting these in inequality , gives
rn(G) > f(z,) =1+ (8)(3) — (15) = 10.

When 6 < n < 8, the diameter of G is 3. In view of Lemma [4.2] and Figure [7] it is

easy to observe that at most one k3 edge incident with each vertex in any f-sequence of G.

V((Pg(2)))| = 5. Thus maximum possible value of

Therefore, at most 1, 2 and 3, ks-pairs lie in any f-sequence of G respectively when n = 6,7
and 8. So, g = n — 5 forn € {6,7,8}. The next maximum value for oy = n + 3 (since
a3 + as + a; = 2n — 2) and hence by inequality (2), we get rn(G) > f(z,) = 1+ (2n —
2)(4) — (5bn—9) =3n + 2.

When n = 9, the diameter of G is 3. In view of Lemma.2)and Figure[§] it is easy to observe
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VU3

Uy
Ve

Figure 7: The graphs Pg(3) for the case n = 6,7 and 8.

that each f-sequence of G has at most one k3 edge incident with the vertices in (P (3)) except
vy and vg. So a3 = number of k3 edges incident with the vertices in any f sequence H of G =
5 Y ryere degy(2) = $[242+1+141+1+141] = 5 and the next maximum value for oy =
11 (since az+as+a; = 2n—2). From the optimal value of L.P.P. , max S = Z?:l 1 = 37

and hence by inequality (2), we get rn(G) > f(z,) =1+ (2n —2)(4) — (37) =28 =3n + 1

when n = 9.

Figure 8: The graph Pg(3) Figure 9: The graph Pg(3) Figure 10: The graph
for the case n = 9. for the case n = 10. Pg(3) for the case n = 11.

When n = 10, the diameter of GG is 3. In view of Lemma and Figure [9] it is easy to
observe that each f-sequence H of G has at most one k3 edge incident with v; in (P (3)) for
every 3 <i < 8.S0a35=3 Y 4yepu(3 degy (@) = 5[242424+2+1+1+1+1+1+1] = 7 and the
next maximum value for ay = 11. Thus, the optimal value of L.P.P. H ismax S = Z?:l oy =
43. Substituting this in inequality (2)) gives rn(G) > f(z,) = 1+(2n—2)(4)—(43) = 30 = 3n
when n = 10.

When n = 11, the diameter of G is 3. In view of Lemma and Figure it is easy to
observe that each f-sequence H of GG has at most one k3 edge incident with v; in (P (3)) for
every 4 <i < 8.S0a3=3 yep(3 degy (@) = 3[242+24+2+4242424+1+1+141] =9
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and the next maximum value for a, = 11.Thus, the optimal value of L.P.P. (]3[) is max S =
>3 iy = 49 and hence by inequality (2), we get rn(G) > f(x,) = 1+ (2n—2)(4) — (49) =
32 =3n —1whenn = 11.

When n > 12, the diameter of G is 3. |V ((P(7)))| = n and |Pg(i)| = %. Hence
maximum value for iy = min{n — 1, %} = n — 1 and the next maximum value for
o = n — 1. Thus, the optimal value of L.P.P. (3 is max S = Y% | io; = 5n — 5 and hence by
inequality (2), we get rn(G) > f(z,) =1+ (2n —2)(4) — (5n — 5) = 3n — 2.

Thus, we have

3 if n=

8 if n=3
9 if n=4
10 if n=5

rn((PF 1)) > 3n+2 if 6<n<8 ©)

3n+1 if n=

3n if n=10
3n—1 if n=11
3n—2 if n>12

Case 7: xyz = + + —.

When n = 4, the diameter of G is 3 and (P;(3)) = P; where the end vertices are a k;
pair. Therefore, by Lemma at most one pair of adjacent vertices of (P5(3)) lies in every
f-sequence of GG. Hence, a3 = 1 and so ap, = 5 (since ag + oz + a3 = 2n — 2 = 6), Thus,
the optimal value of L.P.P. (3) is max S = 3> | ia; = 13. Substituting these in inequality ,
gives rn(G) > f(xz,) = 1+ (6)(4) — (13) = 12. Thus, in this case, in view of inequality

(for n > 5), we have;

12 if n=4

-
ril(F)2) 2 { -1 if n>5 (10)

S Upper bound and a Radio labeling
We begin with the following lemma:

Lemma 5.1. If 24, zo, . .., x,, is a sequence of vertices of G = (P*¥*), where zyz = + — +
or — + + such that

d(.%'i, xi—&—l) + d($i+1, J]H_Q) S 1+ dzam(G) + d([Ez, xi+2) for every i, 1 S 1 S 2n — 37
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then the function f : V(G) — Z* defined by
f(xiv1) = f(x) + 1+ diam(G) — d(x4, xi41) (11)

is a radio labeling of G.

Proof: Consider the vertices x;, ;. Without loss of generality we take j > 7.

Casel: j =1+ 1.

In this case, it follows from the definition of f, in equation , that f(z;) — f(x;) >
1+ diam(G) — d(z;, ;).

Case2: j =1+ 2.

In this case, [ f(z;) — f(@:)] = [(#is2) = f(2iv1) + [(@i01) — fl2:) = 1+ diam(G) —
d(xig2, Tiy1) + 1+ diam(G) —d(xip1, x;) = 2(1+diam(Q)) — [d(xi42, Tiv1) +d(xig1, 75)] >
2(14+diam(G)) — [(1+dim(G)) +d(zis2, ;)| = 1+diam(G) —d(x;12, ;) = 1+diam(G) —
d(zj, ;)

Case3: 7 > 1+ 3.

In this case, as f is an injective function, it follows that |f(x;) — f(x;)| > 3 and hence
flz;) — flx;) + d(xizy;) > 3+1 =143 > 1+ diam(G) (since diam(G) < 3 by

Theorem [4.T]).
Thus f is a radio labeling. [ |
ryz=——— and n>7
or xyz=——+ and n >4
Lemma 5.2. rn((P2¥%)y) <2n—1if ¢ or zyz=—+— and n>38
or xyz=+—— and n>7
or zyz=++— and n>5

Proof: Let G = (P1¥*)y. Let vy, vg,...v, € V(P,) and ey, €9, ...6,_1 € E(P,). Let z;x; €
E(G). Since diam(G) = 2 (by Theorem [4.1), to prove that an injective function f is a radio
labeling of G, it suffices to show that |f(z;) — f(x;)| > 2 whenever d(z;,z;) = 1 for all
possible values of 4, j, or equivalently |f(z;) — f(z;)| = 1 implies z;z; ¢ E(G).

Case a: Whenzxyz = —— —or—+ —or+ — —or + + —.

Define f : V(G) — Z7 such that f(v;) = 2i — 1 for 1 < i < nand f(e;) = 2i for
1 <7 < n—1. Then f is an injection. Further, if |f(z;) — f(x;)| = 1, then either z; = v},
and x; = ey, or, v; = ¢ and x; = Vg4, for some 1 < k£ < n — 1. In either of the cases, x;
is incident with z; in P — n and hence z;z; ¢ E(P*?) (since z = —1 in this case). So f is a
radio labeling. Therefore rn(G) < spanf = f(v,) =2(n) — 1 =2n — 1.
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Case b: When xyz = — — +.

Define f : V(G) — Z* such that f(v;) =i, f(e;) = n+iforl <i < n. Then f is an
injection. Further, if f(x;) > f(x;) and f(x;) — f(z;) = 1, then either x; = v; and x; = Vi1,
or, v; = e and T; = €41, Or T; = v, and x; = ey, for some 1 < k < n — 1. In the first two
cases x; 1s adjacent to x; in P, and in the last case they are not incident to each other. Hence
x;x; ¢ E(PYY¥) (respectively as + = —1, y = —1 and z = + in this case). So f is a radio
labeling. Therefore rn(G) < spanf = f(v,) =2(n) —1 =2n — 1. [

We now execute a minimal radio labeling for each of the cases and get the required upper
bound.

Case1: zyz = — — —.

When n = 6, from the radio labeling given in Figure|11] it follows that

rn((Py " )2) < 16 (12)

Figure 11: A radio labeling of (P5 ~ )2

Now, inequality (4), inequality (I2)) and Lemma[5.2]together prove Theorem 3.2]
Case 2: xyz = — — +.
When n = 2, 3, it follows from Figure [12] and Figure [13| that

4 if n=2

13
6 if n=3 (13)

rn((B, " ")2) < {

Now, inequality (), inequality (I3)) and Lemma[5.2]together prove Theorem 3.3
Case 3: xyz = — 4+ —.
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1 2 3 2 1

Figure 12: A radio labeling of (P; "), Figure 13: A radio labeling of (P; ~ )2

When n = 6, 7, it follows from Figure [5| that

18 if n=6
Pty < 14
r((F, >2)—{24 if n=7 (19
Figure 14: A radio labeling of (P; "7 )y and (P "7 ),
Now, inequality (6], inequality (I4)) and Lemma [5.2]together prove Theorem [3.4]
Case 4: ryz = — + +.
When n = 2, 3, 4, it follows from Figure T3] that
4 if n=2
(P, 1)) < 7 if n=3 (15)
8§ if n=4

A SR S

Figure 15: A radio labeling of (P; *T),, (P; 1) and (P; 1),

When 5 < n < 13, we give below a sequence 1, xa, . . ., T2,_1 of vertices of GG to label in
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such a way that f(x;) = f(x;—1) + 1 + diam(G) — d(x;, x;41) with f(z1) = 1. It is easy to
verify that f is a radio labeling (with the difference of labels of two consecutive vertices in the
sequence indicated above the arrow) as 1+diam(G) —d(x;, x;41) < 2foreach1 < i < 2n—2.
Forn = 5.
Ty = €5 5 v ey vy vy oy I ep I v I ey = 201

From this sequence, we get

k=2n—1

rn((Py " 1)2) < spanf = f(x2,-1) = f(z1) + Z f(zi1)]
=1+8():9. (16)
For n = 6.
+1 +1 +1

1
r1 = f(e )—)U3+—>U2—)64—>U1—)63—>06+—)62+—>’U5—)61—>U4—LE11

From this sequence, we get

rn((Py7)2) < spanf = f(x11) = f(21) + Z f(xiz1)]

=1+ 10(1) = 11. (17)

Forn =7.

1 2 2 2 2 2 2 2 2 2 2
ZL‘1:€1+—>66+—)€2+—)65+—)?}1+—)63+—)’U7+—>64+—>02+—>U3+—>U4+—>
+2

Us —> Vg = X13-

From this sequence, we get

rn((Py 1)) < spanf = f(x13) = f(21) + Z J(wi1)]

= 1+1(1)+11(2) =24, (18)

Forn = 8.
+1 +2 +1 +2 +2 +2 +2 +2 +2 +2 +2 +2
T1 =€ —r€g —>€y —> €7 —> €3 —>V] —2 €4 —>VUg —> €5 —> V3 —> Uy —> Vs —>
+2 +2
Vg —> U7 — Ug = T15.

From this sequence, we get

rn((Pg ™)2) < spanf = f(x15) = f(z1) + Z f(@iz1)]

=1+2(1)+ 12(2) = 27. (19)
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Forn = 9.
+1 +2 +1 +2 +1 +2 +2 +2 +2 +2 +2 +2
Ty =€ —> € —2€ —> €7 —>€3 —>€3 —>€ —>V] —>Vy ——> VU3 —2> Uy —> Vs —
+2 +2 +2 +2
Vg — Uy —> Ug — Vg — €5 = T17.

From this sequence, we get

rn((Py 7)2) < spanf = f(x17) = f(z1) + ];[f(xz> — f(zi1)]

=1+ 3(1) + 13(2) = 30. (20)

For n = 10.
1 1 1 2 1 2 1 2 2 2 2 2
x1:e4+—>eg+—>el+—>e6+—>62+—>e7+—>63+—>eg+—>e5+—>v1+—>v2+—>vg+—>

+2 +2 +2 +2 +2 +2
Vg — Vs —> Vg —> U7 —> Vg — Vg — V19 = T19.

From this sequence, we get

rn((Py")2) < spanf = f(x19) = f(z1) + ];[f(xz> — f(zi1)]

=14 5(1) 4 12(2) = 29. Q1)
Forn = 11.
61264:1+—1>€9+—1>61+—1>66+—2>’01+—2>€5+—1>€10+—1>62+—1>67+—2>€3+—1>€8+—2>

+2 +2 +2 +2 +2 +2 +2 +2 +2
Vg —> VU3 —> U4 —> Vs —2 Vg —2> V) —>Ug —> Vg —> Vg — V11 = T21.

From this sequence, we get

rn((Py")2) < spanf = f(xa) = f(z1) + kz_:[f(%) — f(zi1)]

— 14+ 7(1) 4 13(2) = 34. (22)
Forn = 12.
$1:€4+—1>69+—1>61+—1>€6i€11Ll)egﬁegivlie5+—l>€10+—l>€2+—l>

+2 +2 +2 +2 +2 +2 +2 +2 +2 +2 +2
€7 —> Uy —> V3 —> Uy —> Uy —> Vg —> U7 —> Vg —> Vg — V19 — V11 —> V12 = T23.

From this sequence, we get

rn((PR " )2) < spanf = f(xes) = f(a1) + Z[f(%) — f(wi1)]

=1+9(1) + 13(2) = 36. (23)
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Forn = 13.
+1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1
Ty =€5 —> €90 —> € —> €y —> €12 —> € —> €9 —» €] — g —» €11 — €3 —
+2 +2 +2 +2 +2 +2 +2 +2 +2 +2 +2

2
68+—>U1—>U2—>U3—>U4—>U5—>U6—>U7—>U8—>U9—>U10HU1

|

+2 o
V1g — V13 = Ta5.

From this sequence, we get

rn((P™)2) < spanf = f(xa5) = fz1) + D_[f (2:) — f(xim1)]

k=2
— 14 11(1) 4+ 13(2) = 38. (24)

For n > 14, Define f : V(G) — Z7 as

1. f(e1)

n—|

[, flea) = [2(%52)] + 2. fles) = [3(252)] + 3. flen) = 1, fles) =
J

2. f(vy) =max{f(e;):1<i<n—1}+2=n+1

—_

n—

< ‘

3. f(@z) = f(6i74) + 1 for 6 < 1 <n-— 1

4. f(l)i+1) = f(UZ) —|—2f0r1 S 1 S n—1

The function f defined above uses the following sequence of vertices to label the graph.

Clearly f is a radio labeling by Lemma (5.1). In fact, | f(e;) — f(e;)| > 1if j > i £ 5, (that
isd(e;,e;) =3), |f(e;) — f(e;)| > 2if j > i £ 3, (thatis d(e;,e;) = 2), |f(e;) — f(e;)] >3
if j > i+ 1 (thatis d(e;,e;) = 1). |f(vi) — f(ej)| > n+ 2 (since d(e;,v;) = 2, Vi, 7). Now
1f(v:) = f(v)| > 2if j =i & 1,2 (thatis d(v, v;) = 2). | f(v;) — f(v;)] > 4if j > i £ 3 (that
is d(e;, ej) = 1). Hence, for all n > 14;

rn((P, 1)) < spanf = f(vn) = f(vp-1) + 2
= [f(vn_2) +2] +2
= f() +2(n - 1)

=n+14+2n—1)=3n-1 (25)

Now, inequalities (I5)-(25) and inequality (7) together prove Theorem
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Case 5: xyz =+ — —.
For n = 5, 6, it follows, from Figure@], that

21, if n=5

+__
(B )2) < { 20, if n =6 (26)

Figure 16: A radio labeling of (P~ 7)y and (P~ )a

Now, inequality (8), inequality (26) and Lemma [5.2]together prove Theorem 3.6]
Case 6: ryz = + — +.
For n = 3,4, 5, it follows, from Figure[I7] that

3 if n=2
§ if n=3

Prt),) < 27
10 if n=5

Figure 17: A radio labeling of (P;),, (P 1)z and (P~ 7),

When 6 < n < 12, we give below a sequence 1, xa, . . ., T2,_1 of vertices of GG to label in
such a way that f(x;) = f(x;—1) + 1 + diam(G) — d(x;, x;41) with f(z1) = 1. It is easy to
verify that f is a radio labeling (with the difference of labels of two consecutive vertices in the

sequence indicated above the arrow) as 1+diam(G) —d(z;, z,41) < 2foreach 1 < i < 2n—2.
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For n = 6.
1 +2 +2 +2 +2 +2 +2 +2 +2 +2
T1 =V Vg ——>V3 —>€5 —>€4 —>Vy —>Us —> €y —> €3 —> €] —> Vg = To_1.

From this sequence, we get

rn((Py ™)) < spanf = f(zn) = f(z1) + Z Flaiy)]
=1+1(1) + 9(2) = 20. (28)
Forn =17.
x1201+—1>v6+—2>’02+—1)’07+—2>1}3+—2>61+—2>U5+—2>€2+—2>€3+—2>€4+—2>65+—2)
+2
— V4.

From this sequence, we get

T”((P?L_Jr) ) < spanf = f(x13) = f(z1) + Z f@izq)]

=1+2(1)+ 10(2) = 23. (29)

Forn = 8.

+1 +2 +1 +2 +1 +2 +2 +2 +2 +2 +2
1 =V —> Vg —> Uy —> VU7 —>» V3 —> Vg —> VU5 —> €1 —> €y —» €3 —> €4 —

+—2>€6—>€7—>U4—$2n 1-
From this sequence, we get
rn((Py ™)) < spanf = f(x15) = f(21) + Z f(ziq)]

—1+3(1 )+11(2) = 26. (30)

Forn = 9.
1 +2 1 2 1 2 +1 2 2 2 2
£L‘1:U4+—>U9—>’01+—>U6+—>’U2+—)U7+—>U3—>08+—>U5+—>61+—)62+—>

2 2 2 2 2
+—>€4+—>65+—>66+—)67+—>68:l’2n_1.

From this sequence, we get
rn((P;*ﬂ ) < spanf = f(x17) = f(x1) + Z fxiz1)]
=1+4(1) + 12(2) = 29. 31

For n = 10.
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+1 +1 +1 +2 +2 +1 +2 +1 +2 +1 +2
Tl = UVUy —>» Vg —» V] —>» Vg —> €1 —> VU5 —> Vg — Vg —> U7 —> VU3 —> Uy —

2 2 2 2 2 2 2
62+—>€3+—>64+—>€5+—)66+—>€7+—)68+—>69:J]2n_1.

From this sequence, we get

rn((Py~")2) < spanf = f(zig) = f(21) + D_[f(zi) — f(@i1)]

k=2
=1+6(1)+ 12(2) = 31. (32)
For n = 11. $1:U4+—1>U9+—1>U1+—1>U6+—1>U11+—1)03+—1>U8+—2>61+—2>U5+—1>
1)10+—1)’UQ+—1>’U7+—2)€2+—2>€3+—2)€4+—2>65+—2)66+—2>67+—2>68+—2>69+—2>610—ZL‘2n 1
From this sequence, we get
rn((P~ ")) < spanf = f(za1) = f(21) + Z f(ziq)]
=1+9(1)+ 11(2) = 32. (33)

Forn = 12.

T1 = U5 5 U1 T va 5 U7 T Uiy S vy S vy T vy B vg T vyg = v
vs D er ey Pes ey ey g D er B eg ey 5 619 > 11 = Tonoi.

From this sequence, we get

(P ")2) < spanf = f(xa3) = f(z1) + Z f(ziz1)]

14 11(1) +11(2) = 34. (34)
When, n > 13, define f : V(G) — ZT as

Loflo) = [" + 1 fo) = [2(%52)) + 2 flos) = [3(%52)] +3, flw) = 1,
fos)=n+1- 2]

2. f(?]z) = f(UZ‘_4) + 1 for 6 S 1 S n
3. fler) =max{f(v;):1<i<n}+2=n+2

4. flejr) = fle;) +2for1 <i<n-—2

Clearly f is a radio labeling by Lemma (5.1)). In fact | f(v;) — f(v;)| > 1if j > i £ 5, (that
is d(Uz’, Uj) =3 ) , (Uz) - f(UJ)| 2 2 lfj Z 1+ 3, (that is d(vi7 Uj) = (Uz) — f(Uj>| Z 3
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if j > i+ 1 (thatis d(v;,v;) = 1). |f(v;) — f(e;)| > n+ 2 (since d(v;, ;) = 2,Vi, j). Now
|f(e;) — flej)| >2if j =4+ 1,2 (thatis d(e;, e;) = 2). | f(e;) — f(e;)] > 4if j > ¢+ 3 (that
is d(e;, e;) = 1). Hence for all n > 13;

rn((PT7)2) < spanf = f(en—1) = f(en—2) + 2
~ [flen ) +2) +2

= f(e1) +2(n—2)
=n+2+(n-—2)(2)=3n-2. (35)

Now, inequalities (27)-(33) and inequality (9) together prove Theorem
Case 7: xyz = + + —.
For n = 4, it follows from Figure @ that

rn((P17),) <12 (36)

101> 4 "8
Figure 18: A radio labeling of (P} ™),

Now, inequality (I0), inequality (36)) and Lemma [5.2]together prove Theorem 3.8}
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