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Abstract

The Seidel matrix of the graph G of order n and of size m is defined as S(G) =
(sij), where sij = −1 if the vertices vi and vj are adjacent, sij = 1 if the vertices
vi and vj are not adjacent, and sij = 0 if i = j. Let DS(G) = diag(n − 1 − 2d1, n −
1 − 2d2, . . . , n − 1 − 2dn) be a diagonal matrix in which di is the degree of the
vertex vi. The Seidel Laplacian matrix of G is defined as SL(G) = DS(G) − S(G).
If σL

1 , σL
2 , . . . , σL

n are the eigenvalues of SL(G), then the Seidel Laplacian energy of
G is

n∑
i=1

∣∣∣σL
i − n(n−1)−4m

n

∣∣∣. We establish the main properties of the eigenvalues of

SL(G) and of Seidel Laplacian energy.
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1 Introduction
Let G be a simple, undirected graph with n vertices and m edges. Let v1, v2, . . . , vn be
the vertices of G. The degree of a vertex vi is the number of edges incident to it and is
denoted by di. If di = r for all i = 1, 2, . . . , n, then G is said to be an r-regular graph.
The adjacency matrix of a graph G is the square matrix A(G) = [aij] , in which aij = 1
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if vi is adjacent to vj and aij = 0 otherwise. If λ1, λ2, . . . , λn are the eigenvalues of A(G)
then the ordinary energy of a graph G is defined as [11]

E(G) =
n∑

i=1
|λi| . (1)

More results on the ordinary graph energy can be found in the book [17].
Let D(G) = diag(d1, d2, . . . , dn) be the diagonal matrix of vertex degrees. The Lapla-

cian matrix of G is defined as L(G) = D(G)−A(G). Let µ1, µ2, . . . , µn be its eigenvalues.
Then the Laplacian energy of G is defined as [13]

LE(G) =
n∑

i=1

∣∣∣∣µi − 2m

n

∣∣∣∣ . (2)

The Seidel matrix of a graph G is the n × n real symmetric matrix S(G) = (sij),
where sij = −1 if the vertices vi and vj are adjacent, sij = 1 if the vertices vi and vj

are not adjacent, and sij = 0 if i = j. The eigenvalues of the Seidel matrix, labeled as
σ1 ≥ σ2 ≥ · · · ≥ σn, are said to be the Seidel eigenvalues of G and their collection is the
Seidel spectrum of G [3]. In parallel with Eq. (1), the Seidel energy of the graph G is
defined as [14]

SE = SE(G) =
n∑

i=1
|σi| . (3)

Recent results on Seidel energy are reported in [10, 19, 20, 23, 24]. It is easy to see that
S(G) = A(G) − A(G), where G is the complement of the graph G.

Motivated by the numerous results obtained in the theory of Laplacian energy (see the
recent papers [4–7, 16] and the references cited therein), we now put forward the concept
of Seidel Laplacian matrix and then examine the Seidel Laplacian energy.

Let DS(G) = diag(n−1−2d1, n−1−2d2, . . . , n−1−2dn). Then the Seidel Laplacian
matrix of G is defined as

SL(G) = DS(G) − S(G) .

Note that DS(G) = D(G) − D(G) and SL(G) = L(G) − L(G).
Let σL

1 , σL
2 , . . . , σL

n , be the eigenvalues of SL(G). In analogy to Eq. (2), we define the
Seidel Laplacian energy of G as SLE = SLE(G) =

n∑
i=1

∣∣∣σL
i − n(n−1)−4m

n

∣∣∣ .
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If we denote

ξi = σL
i − n(n − 1) − 4m

n
for i = 1, 2, . . . , n, (4)

then,

SLE(G) =
n∑

i=1
|ξi| . (5)

2 Seidel Laplacian eigenvalues
It is well known that the adjacency and Laplacian eigenvalues satisfies the relations

n∑
i=1

λi = 0 and
n∑

i=1
λ2

i = 2m,

n∑
i=1

µi = 2m and
n∑

i=1
µ2

i = 2m + Z1(G),

where Z1(G) = ∑n
i=1 d2

i is the so-called first Zagreb index, whose mathematical properties
have been studied in due detail (see [2, 12]).

Lemma 2.1. Let G be a graph with n vertices and m edges. Then the eigenvalues
σL

i , i = 1, 2, . . . , n, of the Seidel Laplacian matrix satisfy the relations

n∑
i=1

σL
i = n(n − 1) − 4m and

n∑
i=1

(σL
i )2 = n2(n − 1) − 8m(n − 1) + 4Z1(G) .

Proof:
n∑

i=1
σL

i = trace[SL(G)] =
n∑

i=1
(n − 1 − 2di) = n(n − 1) − 4m.

n∑
i=1

(σL
i )2 = trace[SL(G)2] =

n∑
i=1

[
(n − 1 − 2di)2 + (n − 1)

]
= n2(n − 1) − 8m(n − 1) + 4Z1(G) .

Lemma 2.2. Let ξi be as defined above by Eq. (4). Then

n∑
i=1

ξi = 0 and
n∑

i=1
ξ2

i = M
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where

M = n(n − 1) + 4Z1(G) − 16m2

n
.

Proof:
n∑

i=1
ξi =

n∑
i=1

(
σL

i − n(n − 1) − 4m

n

)
=

n∑
i=1

σL
i − [n(n − 1) − 4m]

= n(n − 1) − 4m − [n(n − 1) − 4m] = 0 .

n∑
i=1

ξ2
i =

n∑
i=1

(
σL

i − n(n − 1) − 4m

n

)2

=
n∑

i=1
(σL

i )2 − 2
(

n(n − 1) − 4m

n

)
n∑

i=1
σL

i +
n∑

i=1

(
n(n − 1) − 4m

n

)2

= n2(n − 1) − 8m(n − 1) + 4Z1(G) − 2
(

n(n − 1) − 4m

n

)
[n(n − 1) − 4m]

+ n

[
(n(n − 1) − 4m)2

n2

]
= M .

Proposition 2.3. If σL
i , i = 1, 2, . . . , n, are the Seidel Laplacian eigenvalues of G, then

−σL
i , i = 1, 2, . . . , n, are the Seidel Laplacian eigenvalues of G.

Proof: SL(G) = L(G) − L(G) = −SL(G).

Theorem 2.4. If σ1, σ2, . . . , σn are the Seidel eigenvalues of an r-regular graph G, then
the Seidel Laplacian eigenvalues of G are n − 1 − 2r − σi , i = 1, 2, . . . , n.

Proof: If G is an r-regular graph then

SL(G) = (n − 1 − 2r)I − S(G)

where I is an identity matrix.
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Lemma 2.5.∣∣∣∣∣∣
∑
i<j

ξi ξj

∣∣∣∣∣∣ = 1
2

M .

Proof: Since ∑n
i=1 ξi = 0, we get ∑n

i=1 ξ2
i = −2∑i<j ξiξj.

3 Seidel Laplacian energy
Results of this section are proved using the standard techniques from the theory of graph
energy [8, 11, 13, 15, 18].

Theorem 3.1. Let G be a graph with n vertices and m edges. Then
SLE(G) ≤

√
n
[
n(n − 1) + 4Z1(G) − 16m2

n

]
.

Proof: The Cauchy–Schwarz inequality states that,
(

n∑
i=1

ai bi

)2

≤
(

n∑
i=1

a2
i

)(
n∑

i=1
b2

i

)
.

Let ai = 1 and bi = |ξi|, i = 1, 2, . . . , n. Then
(

n∑
i=1

|ξi|
)2

≤ n
n∑

i=1
|ξi|2 = nM

implying

SLE(G)2 ≤ n

[
n(n − 1) + 4Z1(G) − 16m2

n

]
.

Theorem 3.2. Let G be a graph with n vertices and m edges. Then

SLE(G) ≥
√

2M .

Proof: From Eq. (5) it follows

SLE(G)2 =
n∑

i=1
|ξi|2 + 2

∑
i<j

|ξi||ξj|
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≥
n∑

i=1
|ξi|2 + 2

∣∣∣∣∣∣
∑
i<j

ξiξj

∣∣∣∣∣∣ = M + M = 2M .

We now state four analytical inequalities that shall be needed in the subsequent con-
siderations.

Lemma 3.3. [21] Suppose that ai and bi, 1 ≤ i ≤ n, are positive real numbers. Then

n∑
i=1

a2
i

n∑
i=1

b2
i ≤ 1

4

(√
M1 M2

m1 m2
+
√

m1 m2

M1 M2

)2 ( n∑
i=1

ai bi

)2

where M1 = max
1≤i≤n

(ai) , M2 = max
1≤i≤n

(bi) , m1 = min
1≤i≤n

(ai) , and m2 = min
1≤i≤n

(bi).

Lemma 3.4. [22] Let ai and bi, 1 ≤ i ≤ n, be non-negative real numbers. Then

n∑
i=1

a2
i

n∑
i=1

b2
i −

(
n∑

i=1
ai bi

)2

≤ n2

4
(M1 M2 − m1 m2)2

where Mi and mi , i = 1, 2 , are same as in Lemma 3.3.

Lemma 3.5. [9] Suppose that ai and bi, 1 ≤ i ≤ n, are positive real numbers. Then∣∣∣∣∣n
n∑

i=1
ai bi −

n∑
i=1

ai

n∑
i=1

bi

∣∣∣∣∣ ≤ α(n)(A − a)(B − b)

where a, b, A and B are real constants, such that for each i, 1 ≤ i ≤ n, the conditions
a ≤ ai ≤ A and b ≤ bi ≤ B are satisfied. Further, α(n) = n

⌊
n
2

⌋ (
1 − 1

n

⌊
n
2

⌋)
.

Lemma 3.6. [1] Let ai and bi, 1 ≤ i ≤ n, be non-negative real numbers. Then

n∑
i=1

b2
i + rR

n∑
i=1

a2
i ≤ (r + R)

(
n∑

i=1
ai bi

)

where r and R are real constants, such that for each i, 1 ≤ i ≤ n, the conditions
rai ≤ bi ≤ Rai are satisfied.

Theorem 3.7. Let G be a graph with n vertices and m edges. Let ξi be defined as in
Eq. (4). Let ξmin = min

1≤i≤n
|ξi| and ξmax = max

1≤i≤n
|ξi|. Then

SLE(G) ≥
√

nM − n2

4
(ξmax − ξmin)2 . (6)
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Proof: Apply Lemma 3.4 for ai = 1 and bi = |ξi|. This leads to
n∑

i=1
12

n∑
i=1

|ξi|2 −
(

n∑
i=1

|ξi|
)2

≤ n2

4
(ξmax − ξmin)2

nM − SLE(G)2 ≤ n2

4
(ξmax − ξmin)2

and inequality (6) follows.

Theorem 3.8. Let G be a graph with n vertices and m edges and let ξmin and ξmax be
same as in Theorem 3.7. Then

SLE(G) ≥ 4
√

nM
√

ξmax ξmin

ξmax + ξmin

. (7)

Proof: Using Lemma 3.3 and setting ai = |ξi| and bi = 1, implies that
n∑

i=1
|ξi|2

n∑
i=1

12 ≤ 1
4

(√
ξmin

ξmax

+
√

ξmax

ξmin

)2 ( n∑
i=1

|ξi|
)2

nM ≤ 1
4

(
(ξmax + ξmin)2

ξmax ξmin

)
SLE(G)2

and inequality (7) follows.

Theorem 3.9. Let G, ξmin, and ξmax be same as in the Theorem 3.7, and α(n) same as
in Lemma 3.5. Then

SLE(G) ≥
√

nM − α(n) (ξmax − ξmin)2 . (8)

Proof: Using Lemma 3.5 and setting ai = |ξi| = bi, a = ξmin = b and A = ξmax = B

implies that∣∣∣∣∣∣n
n∑

i=1
|ξi|2 −

(
n∑

i=1
|ξi|
)2
∣∣∣∣∣∣ ≤ α(n) (ξmax − ξmin)2

nM − SLE(G)2 ≤ α(n) (ξmax − ξmin)2

and inequality (8) follows.

Since α(n) ≤ n2

4 , according to Theorem 3.9 we have:

Corollary 3.10. SLE(G) ≥
√

nM − n2

4 (ξmax − ξmin)2 .
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Theorem 3.11. Let G, ξmin and ξmax be same as in the Theorem 3.7 Then

SLE(G) ≥ M + n ξmax ξmin

(ξmax + ξmin)
. (9)

Proof: Apply Lemma 3.6 and set bi = |ξi|, ai = 1, r = ξmin and R = ξmax, which implies
n∑

i=1
|ξi|2 + ξmax ξmin

n∑
i=1

1 ≤ (ξmax + ξmin)
n∑

i=1
|ξi|

M + n ξmax ξmin ≤ (ξmax + ξmin) SLE(G)

and inequality (9) follows.
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