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Abstract

Let G be a simple connected graph with n vertices and m edges, and let d(e;) >
d(es) > -+ > d(en) be a sequence of edge degrees of G. Denote by FF = 3" | d(e;)?
reformulated forgotten index of graph GG. Lower and upper bounds for £ F’ are obtained.
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1 Introduction

LetG = (V,E),V ={1,2,...,n}, E = {e1,ea,...,€5,}, be a simple connected graph with
n vertices and m edges. Denote by d; > dy > --- > d,, > 0, d; = d(i), and d(e;) > d(eq) >
.-+ > d(en,), sequences of its vertex and edge degrees, respectively. We will use the following
notation: A, = d(ey) + 2, A, = d(e2) + 2, 0e, = d(€) + 2, e, = d(€m—1) + 2. If i-th and
j-th vertices (e; and e; edges) are adjacent, we write i ~ j (e; ~ €;). As usual, L(G) denotes
a line graph of graph G.

A topological index for a graph is a numerical quantity which is invariant under automor-
phisms of the graph. The simplest topological indices are the number of vertices and edges of
graph. Two vertex-degree-based topological indices, known as the first and the second Zagreb
indices, M; and M5, are defined as [8]]:

n

Ml = M1<G) = Zd2 and M2 = MQ(G) = Zdldj

1
i=1 i~j

As shown in [3], the first Zagreb index M, can also be expressed as

My =S"(d; + d;). (1)

i~vJ
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A so called forgotten topological index, F', is defined as [[7] (see also [9]):

By analogy to M7, the invariant F' can be written in the following way

F=>(d}+d3)=> (d; + dj)* — 2Mo. 2)
i inj
Details on the topological indices M, M, and F' can be found in [2} 3} 5,16, 9, 10} 11} 112} [16}
17].

The first and the second reformulated Zagreb indices, £ M; and E Ms, are defined as [[15]]

EM, = EM,(G) = id(ei)Q and EM, = EM>(G) = Y d(e;)d(e;).

=1 e;~e;

In essence, M, and EM, are not new topological indices, as these correspond to the
first and the second Zagreb indices of a line graph L(G) of graph G. Therefore, we have
EM;(G) = Mi(L(G)) and EMs(G) = My(L(G)). According to this, we can define reformu-
lated forgotten index of a line graph as (see [18]])

EF = EF(G) =) _d(e;)>. 3)

=1

Todeschini et all [20] (see also [21]]) introduced multiplicative variants of the first and the

second Zagreb indices, 11, and I1,, as

H1 = Hl(G) = HdZQ and Hg = HQ(G) = Hdzdj

i=1 inj
Multiplicative sum first Zagreb index, 117, was defined in [6] as

I =113(G) = [[(d: + d;). (4)

i~j

In this paper we are interested in topological index £ F'. We prove some inequalities involv-

ing lower and upper bounds for E'F'.
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2 Preliminaries

In this section we recall some discrete inequalities for real number sequences that will be used
in proofs of theorems.

Let I = {1,2,...,m} and I = {1, m} be index sets. If a = (a;), 7 = 1,2,...,m,is a
real number sequence and p = (p;), ¢ = 1,2,...,m, is positive real number sequence, then a

weighted mean of numbers a4, as, . . ., a,, is defined as

m
Z pia;
=1

M (a,p; 1) = 5-—r.
sz‘
i=1
Leta = (a;) and b = (b;), ¢ = 1,2,...,m, be non-negative real number sequences of

similar monotonicity and p = (p;),

1,2,...,m, be positive real number sequence. If pairs
(Mi(a,p; I — Iy), My(a,p; I2)) and  (Mi(b, p; I — I2), My(b, p; I2))

are similarly ordered, the following inequality is valid [13]]

G S - & ppma_amb_bm -
> i piaibi = > piai »_ pib; > 1Pm(@1 )b, ) > pi, (5)
=1 =1 i=1 i=1 P11+ Pm i=1
with equality if and only if ay = - - = a1 = (a1 +ap,) /201 by = -+ - = b1 = (b1 +by,) /2.
Letp = (p;),and a = (a;), 7 = 1,2,...,m, be two positive real number sequences with the
properties

ZPi:L O<r<ag<R<+4o00, i=12,....,m.
=1

In [19] the following inequality was proven

Spai+rRY. 2 <r 4R 6)
i=1 i—1 i
Equality in (6)) holds if and only if R = a; = - -+ = a,, = r, or for arbitrary k, 1 <k <m —1,
holds R=a; = =ap > a1 = =ap =T.

Leta; > ay > --- > a, > 0 be positive real number sequence. In [4] it was proven

Zai—m(ﬂaiyzwa—l—m)?, )

=1
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with equality if and only if ay = - - - = a,,_1 = \/a1a,,, and

m

;ai <a1—i-am>’i

> (8)
m 2./a1a,,
i=1
with equality if and only if ay = -+ = a1 = (a1 + am) /2.
Leta = (a;),and b = (b;), 7 = 1,2,...,m, be two positive real number sequences with the
properties
O<r<ag; <R <+oo and 0<ry<b <Ry < +o00.
In [1] the following inequality was proven
mYy ab;— > a; ¥ bi| <mPa(m)(Ry —r1)(Ry —r2), ©)
i=1 i=1  i=1
where 1y
1 |1m 1 |m 1 )™t +1
— (=12 V=2 1= T2
a(m) mbK me 4( 2m? )
For positive real number sequence a = (a;), i = 1,2,...,m, in [22] (see also [14]) the

following inequality was proven

i=1 i=1

[ o)) smgo (£ )

3 Main results

In the following theorem we prove the inequality that sets up lower bound for £'F in terms of

invariants M, M,, F', and parameter m.

Theorem 3.1. Let G be a simple connected graph with m > 2 edges. Then

F +2M, — 3M;)? D¢ Oey (Acy — 6e,))?
( + 2 —3 1) 1+ 3M, — 8m + el 61( el 61).

EF >
- Ml Ael + 561

(11)

Equality holds if and only if A., = d(e2) +2 = = d(em-1) + 2 = 0e, = (A¢, + 0¢,) /2.
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Proof: Forp; = a; = b; = d(e;) + 2,1 =1,2,...,m, the inequality (5] transforms into

m m m 2 A S (A o m
> (d(e)+2) > (d(e;)+2)? (Z(d(ei)+2)2> | P eAl JC:(S Z (e;)+2). (12)
i=1 €1 €1

i=1 i=1 i=1

Let e = {i, j} be an arbitrary edge of graph G. Then d(e) = d; + d; — 2, and from (I)) and

we have

My =) (d;i+dj) = (d(e;) +2),

i~vj i=1

and
ivj i=1

According to these equalities and it follows

m s (F42M)? A (A, —6.,)
) 3 ( 2 1Ye1 1 1
> (d(e;) +2)° > ot NN A (13)

i=1

On the other hand, we have

(e +2)" =3 (d(e)" + 6(d(e) + 2 - 12(d(e) +2) + )
= id(ei)?’ + 6(F + 2M>) — 12M; + 8m,
that is
EF = i(d(ei) +2)° — 6(F + 2My) + 12M; — 8m. (14)

i=1

Combining relations and we get inequality (T1).

Equality in holds if and only if A,, = d(e3) +2 = -+ = d(epm-1) +2 = I, =
(A, + de, ) /2, therefore equality in holds under the same conditions. |

By a similar procedure as in the case of Theorem[3.1] the following statement can be proved.

Theorem 3.2. Let G be a simple connected graph with m edges. If m > 3, then

(F 4 2My — A2 )?

EF > A3
> AL+ M, A,

— 6(F + 2My) + 12M, — 8m.



6 I. Z. Milovanovié, M. M. Mateji¢, E. 1. Milovanovié

Equality holds if and only if A, = d(e2) +2 =--- = d(e) + 2 = J,.
If m > 3, then
F +2M, — 62 )2
EF>§ + (420 =0, ) 6(F + 2M,) + 12M, — 8m.

Ml - (561

Equality holds if and only if L(G) is regular graph.
If m > 4, then

(F +2M; — A2 —02))?

EF > A% +6°
> A +0, + T ——

— 6(F + 2M,) + 12M; — 8m.

Equality holds if and only if A., = d(e2) +2 =+ =d(em_1) + 2 = Je,.

In the next theorem we prove inequality that establishes an upper bound for £ F' in terms of

invariants My, M,, F', and parameter m.

Theorem 3.3. Let G be a simple connected graph with m > 1 edges. Then
EF < (A¢, +0e, — 6)(F 4 2Ms) + (12 — A, de, ) M7 — 8m. (15)

Equality holds if and only if L(G) is a regular graph or for arbitrary k, 1 < k& < m — 1, holds

A, =d(e)+2=---=d(ex) +2>d(egy1) +2=---=d(ey) +2 =10
Proof: For p 02
bi = ng (el) i ) ) a; = d(ez) + 27
> _(d(e:) +2)*
i=1
i=1,2,...,m, 1 =0, =d(ey)+2,and R = A,, = d(e1) + 2, the inequality (6) becomes
> (dle)) +2)° (e +2)
T + Ay Oy < Ay 0
> (d(e:) +2)* >_(d(e:) +2)°
i=1 i=1
ie.
> (d(e) +2)% < (Ae, + 0ey ) (F + 2Ms) — A, 0e, M. (16)

=1

From and we obtain inequality (T3]
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Equality in (6) holds if and only if R = ay = -+ = a,, = r, or for arbitrary k, 1 <
k<m-—1,holds R =a, = - = a, > a1 = -+ = a,, = r. Therefore, equality in
holds if and only if L(G) is regular graph or for arbitrary k£, 1 < k& < m — 1, holds
A, =dle))+2=--=d(ex) +2>d(egy1) +2="---=d(em) +2=10,,. ]

Corollary 3.4. Let G be a simple connected graph with m > 2 edges. Then

F42M,)? [ [A, 5\’
EF < ZM 2) (,/5 1 +,/A1> — 6(F + 2My) + 12M,; — 8m. (17)
1 €1 el

Equality holds if L(G) is regular.

Proof: The above inequality is obtained from (14)) and

m

2$ A 0, My D (d(e;) +2)3 <D (de;) +2)° + Aeybe, My < (A, + 0ey ) (F + 2Ms).

i=1 i=1

In the same way as in Theorem [3.3|we can prove the following result.

Theorem 3.5. Let G be a simple connected graph with m edges. If m > 3, then

EF <A} + (A, 406 (F42My— A2) — A, b, (My — Ap,) —6(F +2Mo) +12M; —8m.

Equality holds if and only if A, = d(e3) +2 = --- = d(e,,) + 2 = 0., or for arbitrary k, 2 <
E<m-—1holds A, =d(es)+2="---=d(ex) +2 > d(egr1)+2="--=d(e)+2 =0,
If m > 3, then

EF <8 + (A +06,)(F+2My —62) — A 0ey (M — 6, ) — 6(F +2My) 4+ 12M; — 8m.

Equality holds if and only if L(G) is regular or for arbitrary k£, 1 < k < m — 2, holds A,, =
dler)+2=---=d(ex) +2>d(egy1) +2="--=d(emn_1) + 2 = 0e,.
If m > 4, then

EF <A} + 68 + (A, +0e,)(F 4 2My — A2 —67)
- AEQCSGQ(M:[ - Ael - 561) - 6(F + 2M2) + 12M1 — 8m.

Equality holds if and only if A., = d(ey) +2 = --- = d(epm-1) + 2 = ., or for arbitrary
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k,2 <k <m—2holds A, = d(e2) +2 = --- = d(ex) +2 > d(eg1) +2 = -~
d(6m71)+2:562.

In the following theorem we determine lower bound for £ F in terms of parameters m, A.,,
de,» and graph invariants My, M,, F, and 117.

Theorem 3.6. Let G be a simple connected graph with m > 2 edges. Then

EF > m (IF;) " — 6(F + 2My) + 12My — 8m + ((A)? = (dc,)

1 (18)
Equality holds if and only if A, = d(es) +2 =+ =d(em-1) + 2 = 6ey = /D¢, 0,
Proof: For a; = (d(e;) +2)%,i=1,2,...,m, the inequality (7) becomes
1
m 5 m 3 puy 3 312
So(d(es) +2)* = m (TT(d(e:) +2)* | + ((Ac)? = (6e))7)
i=1 i=1
Since .
1 = [1(di + d;) = [1(d(es) +2),
inj i=1
this inequality transforms into
m 3 B 312
S (d(es) +2)° = m ()™ + ((Aey)? = (6e,)7) (19)
i=1
Now, from (14)) and (19) we obtain (I8).
Equality in (7) holds if and only if as = - -+ = a,,,_1 = \/a1an,, therefore equality in (I8)) is
attained if and only if A, = d(e3) +2 ="+ =d(em_1) + 2 = 0¢, = \/A¢,0e,-

|
By a similar procedure as in the case of Theorem 3.6 the following statement can be proved

Theorem 3.7. Let G be a simple connected graph with m edges. If m > 3, then

I \ 7 ;
EFZA;+0n—U<A1> —&F+2Mﬁ+1%ﬁ—&n+«A@5

Njw

2

- (561) ) :

Equality holds if and only if d(e3) +2 = -+ - = d(em—1) + 2 = 0, = \/Ae,0¢,-
If m > 3, then

I =
EF25;+On—U<J> —MF+2M@+1ML—&n+«AQ

[S1[)

- (562)

N
N———
[\
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Equality holds if and only if A,, = d(es) +2 =+ =d(em_2) + 2 = /A, de,-
If m > 4, then
3 3 I\~ 3 32
EF > N} +8, +(m=2) | = 6(F +2My) +12M; —8m+ ((A,)? = (0,)7)

Equality holds if and only if d(e3) + 2 = - -+ = d(€p—2) + 2 = /Ay 0e,.
Similarly as for Theorem [3.6] according to inequality (8)) we obtain the following statement.

Theorem 3.8. Let G be a simple connected graph with m > 2 edges. Then

EF > m (1) (Agl +531)m 6(F + 2My) + 12M; — 8
>m )" | ——] - 2 1 — om.
2,/A3 63
Equality holds if and only if A, = d(e2) +2 = -+ = d(em_1)+2 = ., = (A2 +62)/2)"3.

In the following theorem we determine an upper bound for £ F' in terms of parameters m,
Ae,, Oc,, and graph invariants M;, My, F', and I17.

Theorem 3.9. Let G be a simple connected graph with m > 2 edges. Then

Njw

2
EF <m ()% — 6(F + 2My) + 12M, — 8m + m*a(m) ((Ae)? = (5,))". (0)
Equality holds if and only if L(G) is a regular graph.

3 3
Proof: For a; = bz = (d(ez) + 2)3/2, 1= 1,2, o.M, R1 = R2 = Agl, N = Trqo = 5621, the
inequality (9) becomes

e

~ (0.)3)". @1

3
(=
=
5
_|_
[\
st
|
YU
(=
=
D
+
S
N
IN
3
[\
2
g
—~
[P
o
=

<§:(d(ei) + 2)§> <(m-1) i(d(ei) +2)3 +m (HI)% ) (22)
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According to (21)) and (22) we get

m

3 3 312
> (d(er) +2)* < m (1) + mPa(m) ((Ae,)? = (04)2) - (23)
i=1
Now, from and we get (20).
Equality in holds if and only if a; = - -- = a,,, therefore equality in (22), i.e. in (20)),
is attained if and only if A, = d(e1) +2 =" =d(ey) + 2 = 0, [

Let A = d; and 6 = d,,. Then we have 26 < §., < A., < 2A. Also, for any m holds
a(m) < 1/4. Therefore we have the following corollary of Theorem[3.9]

Corollary 3.10. Let GG be a simple connected graph with n > 2 vertices and m edges. Then
o3 9 3 3\ 2
EF <m (1) — 6(F + 2Mp) + 12M, — 8m + 2m* (A% — 52) .

Equality holds if and only if G is a regular graph.
Since F' > 2M, we get the next corollary.

Corollary 3.11. Let GG be a simple connected graph with n > 2 vertices and m edges. Then
2
EF < m ()" — 24M, + 12M,; — 8m + 2m? (A - 6%)".

Equality holds if and only if G is a regular graph.

Similarly as in case of Theorem the following result can be proved.
Theorem 3.12. Let GG be a simple connected graph with m edges. If m > 3, then
1T}
A,
+(m—1%a(m 1) (A,)? - (5.)F)".

EF§A§1+(m—1)< )m — 6(F + 2My) + 12M; — 8m

Equality holds if and only if A., = d(e2) +2 = -+ =d(ep) + 2 = 0,
If m > 3, then

3

*

H m—1
EF <& + (m—1) <1> — 6(F + 2My) + 12M, — 8m

e,
+ (m=1Pa(m—1) ((A)F - 0.)F)

3
2
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Equality holds if and only if L(G) is a regular graph.
If m > 4, then

I
A

3

+(m—2%a(m —2) (An)? - (5.)2)".

m—2
EF§A§1+5§’1+(m—2)< ) — 6(F + 2My) + 12M; — 8m

Equality holds if and only if A, = d(e2) +2 ="+ = d(em-1) + 2 = O,.
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