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Abstract

In 1990 Cahit [2] introduced k-equitable labeling as a generalization of graceful label-
ing. For a graph G(V, E) and for a positive integer k ≥ 2, a function f defined from the
vertex set of G to {0, 1, 2, . . . , k − 1} is called k-equitable if every edge uv is assigned
the label |f(u) − f(v)|, then the number of vertices labeled i and the number of vertices
labeled j differ by at most 1 and the number of edges labeled i and the number of edges
labeled j differ by at most 1, for i, j, 0 ≤ i < j ≤ k − 1. Note that a graph G with
m edges is a graceful if and only if it is an (m + 1)-equitable. In 1990, Cahit [2] also
conjectured that every tree is k-equitable for any k ≥ 2. This conjecture is equivalent to
the celebrated graceful tree conjecture when k is the number of vertices of the tree. Mo-
tivated by the Cahit’s k-Equitable Tree Conjecture and its relevance to the Graceful Tree
Conjecture, here in this paper we show a new family of tree called first two levels degree
specific symmetric tree admits k-equitable labeling for k ≥ 2.

Key words: k-equitable labeling, k-equitable trees, first two levels degree specific symmet-
ric trees.
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1 Introduction
In 1963, Ringel [7] conjectured that K2m+1, the complete graph on 2m + 1 vertices, can be
decomposed into 2m + 1 isomorphic copies of a given tree with m-edges. In 1965, Kotzig
[6] conjectured that the complete graph K2m+1, can be cyclically decomposed into 2m + 1
copies of a given tree with m edges. To settle the above two conjectures, in 1967, Rosa [8]
introduced a hierarchical series of labeling called ρ, σ, β and α-valuations. Later, Golomb [4]
called β-valuation as graceful and now this is the term most widely used.

A graceful labeling of a graph G with m edges and vertex set V is an injection f : V (G)→
{0, 1, 2, . . . ,m} with the property that the resulting edge labels are also distinct where an edge
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incident with vertices u and v is assigned the label |f(u) − f(v)|. A graph which admits a
graceful labeling is called a graceful graph. In his classical paper [8], Rosa proved the theorem
that, if a tree T with m edges has a decomposition into 2m+ 1 copies of T .

From Rosa’s theorem it follows that both Ringel and Kotzig’s conjectures are true if every
tree is graceful. This led to the birth of the popular Ringel-Kotzig-Rosa conjecture popularly
called the Graceful Tree Conjecture: “All trees are graceful”.

As the Graceful Tree Conjecture is a hard problem to settle, and the characterization of
graceful graphs are extremely hard to understand, different generalization on graceful labeling
were introduced and studied.

One such generalization of graceful labeling is a k-equitable labeling, which was introduced
by Cahit [2] in the year 1990. In the k-equitable labeling, the vertex and the edge labels are
distributed as evenly as possible and it is defined more precisely in the following way.

For a graph G(V,E) and for a positive integer k ≥ 2, a function
f : V (G) → {0, 1, 2, . . . , k − 1} is called a k-equitable labeling, if f and its induced edge
labeling function f ∗ : E(G) → {0, 1, 2, . . . , k − 1} defined by f ∗(e = uv) = |f(u) − f(v)|
satisfying the condition |vf (i) − vf (j)| ≤ 1 and |ef∗(i) − ef∗(j)| ≤ 1 respectively, for i, j,
0 ≤ i < j ≤ k − 1 where vf (i) and ef (i) denote the number of vertices and the number of
edges having the label i under f and f ∗ respectively.

Cahit [1] proved that every tree is 2-equitable. The 2-equitable labeling is called popularly
as cordial labeling. Speyer and Szaniszlo [10] proved that every tree is 3-equitable. Szaniszlo
[9] proved that every path, every star are k-equitable and K2,n is k-equitable if and only if
n ≡ k − 1 (mod k), n ≡ 0, 1, 2, . . . , bk

2c − 1 (mod k), or n = bk
2c and k is odd. For an

exhaustive survey on k-equitable trees refer the excellent dynamic survey by Gallian [5].

In 1990, Cahit [3] conjectured that every tree is k-equitable for any k ≥ 2. This conjecture
is equivalent to the celebrated Graceful Tree Conjecture when k is the number of vertices of the
tree. One possible approach to prove the popular Graceful Tree Conjecture is to prove the more
general k-Equitable Tree Conjecture. Inspired by this general approach, in this paper, we show
that a new class of trees called first two levels degree specific symmetric trees are k-equitable
for k ≥ 2, where the first two levels degree specific symmetric tree is defined below.

The first two levels degree specific symmetric tree is defined to be the rooted tree with
degree of the root is d0 = m0k, where k ≥ 2, m0 ≥ 1. The degree of each of the vertices in
the first level is any odd number d1 = 2r1 + 1, r1 ≥ 0, and for every level l, 2 ≤ l ≤ n, each
of the vertices in the lth level has the common degree dl ≥ 2.
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2 Main Result

In this section we prove our main result in theorem 2.2. To prove our main result we made the
following observation.

Observation 2.1. Let T be the first two levels degree specific symmetric tree, then from its
definition, the following facts can be ascertained.

1. The number of vertices in level 0 is |V0| = 1.

2. The number of vertices in level 1 is |V1| = m0k.

3. For `, 2 ≤ ` ≤ n, the number of vertices in the level ` is
|V`| =

[∏`−1
i=1(di − 1)

]
m0k, where d0 = m0k, k ≥ 2, m0 ≥ 1;

d1 = 2r1 + 1, r1 ≥ 0, di is the common degree of all the vertices of the level i, for
i, 2 ≤ i ≤ `− 1.

4. The number of vertices in the tree T is,

|V (T )| = |V0|+ |V1|+ · · ·+ |Vn|

= 1 +m0k +m0k(d1 − 1) +m0k(d1 − 1)(d2 − 1) + · · ·

+m0k(d1 − 1)(d2 − 1) . . . (dn − 1)

= 1 +m0k +
[

n∑
`=2

(
`−1∏
i=1

(di − 1)
)
m0k

]
.

5. The number of edges incident to the root of the tree T is, E0 = m0k.

6. For ` ≥ 1, the number of edges incident to each vertex on level ` is E`, then E` =[∏`
i=1(di − 1)

]
m0k.

7. The number of edges in the tree T is

|E(T )| = |E0|+ |E1|+ |E2|+ · · ·+ |En−1|

= m0k +m0k(d1 − 1) +m0k(d1 − 1)(d2 − 1) + · · ·

+m0k(d1 − 1)(d2 − 1) . . . (dn−1 − 1)

= m0k +
n−1∑
`=1

[(∏̀
i=1

(di − 1)
)
m0k

]
.
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Theorem 2.2. If T is a first two levels degree specific symmetric tree such that the root of T
has the degree m0k, where m0 ≥ 1 and k ≥ 2, then T is k-equitable.

Proof: Let T be a first two levels degree specific symmetric tree. Then by the definition of T ,
the degree of the root is d0 = m0k, where k ≥ 2, m0 ≥ 1. The degree of each of the vertices in
the first level is an odd number d1 = 2r1 + 1, r1 ≥ 0. Then, for every level `, 2 ≤ ` ≤ n, each
of the vertices in the `th level has the common degree d` ≥ 2. From Observation 2.1 we have

|V (T )| = 1 +m0k +
n∑

`=2

[
`−1∏
i=1

(di − 1)
]
m0k and

|E(T )| = |E0|+ |E1|+ · · ·+ |En−1|

= m0k +
n−1∑
`=1

[(∏̀
i=1

(di − 1)
)
m0k

]

To prove T is k-equitable for k ≥ 2, we assign the labels 0, 1, 2, . . . , k− 1 to the vertices of
T in the levelwise.

Step 1. Assigning labels to the vertices in level 0
Assign the label 0 to the root of T .

Step 2. Assigning labels to the vertices in level 1
For convenience, we consider the vertices lying on level 1 as m0 sets A1, A2, . . . , Am0 , each

consisting of k vertices, where A1 consists of first k vertices of level 1 beginning from the
leftmost vertex of level 1, A2 consists of the next k vertices starting from the (k + 1)th vertex
from the left, A3 consists of next set of k vertices starting from (2k + 1)th vertex from the left
and in general Aj

th set consists of k vertices starting from ((j − 1)k + 1)th vertex from left
to right, for j, 4 ≤ j ≤ m0. Further, for j, 1 ≤ j ≤ m0, we name the k vertices of Aj as
u(j−1)k+1, u(j−1)k+2, . . . , u(j−1)k+k. Then for each j, 1 ≤ j ≤ m0, we define the label for the
vertices in the set Aj = {u(j−1)k+1, u(j−1)k+2, . . . , u(j−1)k+k} as f(u(j−1)k+i) = i − 1, for i,
1 ≤ i ≤ k.

From the above labeling, we observe that each of the k-labels, 0, 1, 2, . . . , k − 1 is assigned
m0 times to the vertices of level 1 of T . As all the vertices in the level 1 of T are adjacent to the
root which is labeled as 0. Thus the edges incident to the root get the labels 0, 1, 2, . . . , k − 1.
Further, each of the edge labels 0, 1, 2, . . . , k − 1 appears exactly at m0 edges incident to the
root.

For convenience of understanding the k-equitable labeling, we define a subset of vertices in
each level as well as we consider the edges incident to such vertices. For 1 ≤ ` ≤ n and for
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0 ≤ i ≤ k− 1, let V`(i) denote the set of all vertices in the level ` of T having the label i. That
is, for 1 ≤ ` ≤ n and for 0 ≤ i ≤ k − 1, V`(i) = {v ∈ V` | f(v) = i}. For 0 ≤ ` ≤ n, and for
0 ≤ i ≤ k − 1, let E`(i) denote the set of all edges incident to each of the vertices in the level
` of T having the label i and having the other end vertex in the level `+ 1 of T .

That is, for 0 ≤ ` ≤ n and 0 ≤ i ≤ k − 1, E`(i) = {e ∈ E` | f(e) = i}.
It follows from the labeling given in Step 2 that for every pair (i, j), 0 ≤ i < j ≤ k − 1,

|V1(i)| = |V1(j)| = m0 and |E0(i)| = |E0(j)| = m0.

Step 3. Assigning labels to the vertices in level 2.
Starting from the leftmost vertex u1 of level 1 and going up to the rightmost vertex um0k of

level 1, sequentially label the children in the level 2 of each vertex up’s, for p, 1 ≤ p ≤ m0k in
the level 1 using the following Steps 3.1, 3.2 and 3.3.

Step 3.1.
For a vertex up in the level 1, for 1 ≤ p ≤ m0k, consider its 2r1 children. Arrange the

children of up as shown in the following Figure 1.

up

r1 left side children r1 right side children

Figure 1: Arrangement of 2r1 children of each vertex up in level 1 of T

Step 3.2.
If f(up) = i, where for i, 0 ≤ i ≤ k−2, then for each child in the r1 of the left-side children

of up assign the label k − (i + 1) and for each child in the right side children of up assign the
label k − (i+ 2) as shown in the Figure 2.
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x y

For each child y of r1
right side children of up,
define f(y) = k − (i+ 2)

up

For each child x of r1
left side children of up,
define f(x) = k − (i+ 1)

with f(up) = i

Figure 2: Labeling of the 2r1 children of a vertex up in the level 1, when f(up) = i, where for
i, 0 ≤ i ≤ k − 2

Step 3.3.
If f(up) = k − 1, then for each child in the r1 of the left side children of up assign the label

0 and for each child in the r1 of the right side children of up assign the label k − 1 as shown in
the Figure 3.

x y

For each child y of r1
right side children of up,
define f(y) = k − 1

up

For each child x of r1
left side children of up,
define f(x) = 0

with f(up) = i

Figure 3: Labeling of the 2r1 children of a vertex up in the level 1, when f(up) = i, where for
i, i = k − 1

The following Table 1 gives the distribution of labels of the vertices in the level 2 of T that
are defined in Step 3, (Step 3.1, Step 3.2 and Step 3.3).

Since each label i, 0 ≤ i ≤ k−1, appears exactlym0 times as the vertex label of the vertices
of level 1 of T , and as the Table 1 gives the label of the 2r1 children of each vertex labeled i,
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Table 1: Vertex label of the vertices in the level 2
A vertex having the Label of the each Label of the each
label i in the level 1 child in the left side r1 child in the right side

children of the vertex r1 children of the
in the level 1 labeled i vertex in the level 1

labeled i.
i = 0 k − 1 k − 2
i = 1 k − 2 k − 3
i = 2 k − 3 k − 4
i = 3 k − 4 k − 5

...
...

...
i = k − 4 3 2
i = k − 3 2 1
i = k − 2 1 0
i = k − 1 0 k − 1

in the level 1 of T , we have, for every pair (i, j), 0 ≤ i < j ≤ k − 1,

|V2(i)| = |V2(j)| = 2r1m0.

The labels of the edges incident to the vertices lying on level 1 and having the other end in
level 2 are given in Tables 2, 3, 4 and 5

Observation 1.
From the Table 2 and 3, we observe that if we consider the k-vertices respectively having

the labels 0, 1, 2, . . . , k − 1 and we collect the edges incident to each of the above collected
k-vertices, then these edges get the edge labels 0, 1, 2, . . . , k − 1 and each edge label i, for i,
0 ≤ i ≤ k − 1 is obtained exactly 2r1 times. Thus, there are m0 sets of k-vertices having the
labels 0, 1, 2, . . . , k − 1 in the level 1.

Therefore, from Observation 1, for every pair (i, j), 0 ≤ i < j ≤ k − 1, we have
|E1(i)| = |E1(j)| = 2r1m0.
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Table 2: Edge labels of the edges incident to the vertices having the labels 0, 1, 2, . . . , k − 2 of
the level 1 and having the other end in the level 2 corresponding to the case where k is even

A vertex having the Label of the r1 edges Label of the r1 edges
label i in the level 1 incident to the vertex incident to the vertex

having the label i in having the label i in
the level 1 having the the level 1 having the

other end vertex in other end vertex in
the level 2 having the the level 2 having the

label k − (i+ 1) label k − (i+ 2)
i = 0 k − 1 k − 2
i = 1 k − 3 k − 4
i = 2 k − 5 k − 6

...
...

...
i = k−4

2 3 2

i = k−2
2 1 0

i = k
2 1 2

...
...

...
i = k − 4 k − 7 k − 6
i = k − 3 k − 5 k − 4
i = k − 2 k − 3 k − 2

Table 3: Edge labels of the edges incident to the vertices having the labels k − 1 of the level 1
and having the other end in the level 2 corresponding to the case where k is even

A vertex having the Label of the r1 edges Label of the r1 edges
label i in the level 1 incident to the vertex incident to the vertex

having the label k − 1 in having the label k − 1
the level 1 and having in the level 1 having
the other end vertex in the other end vertex in
the level 2 having the the level 2 having the

label 0 label k − 1
i = k − 1 k − 1 0
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Table 4: Edge labels of the edges incident to the vertices having the labels 0, 1, 2, . . . , k − 2 of
the level 1 and having the other end in the level 2 corresponding to the case where k is odd

A vertex having the Label of the r1 edges Label of the r1 edges
label i in the level 1 incident to the vertex incident to the vertex

having the label i in having the label i in
the level 1 and having the level 1 and having
the other end vertex in the other end vertex in
the level 2 having the the level 2 having the

label k − (i+ 1) label k − (i+ 2)
i = 0 k − 1 k − 2
i = 1 k − 3 k − 4
i = 2 k − 5 k − 6

...
...

...
i = k−3

2 2 1

i = k−1
2 0 1

i = k+1
2 2 3

...
...

...
i = k − 4 k − 7 k − 6
i = k − 3 k − 5 k − 4
i = k − 2 k − 3 k − 2

Table 5: Edge labels of the edges incident to the vertices having the labels k − 1 of the level 1
and having the other end in the level 2 corresponding to the case where k is odd

A vertex having the Label of the r1 edges Label of the r1 edges
label i in the level 1 incident to the vertex incident to the vertex

having the label i in having the label i in
the level 1 having the the level 1 having the

other end vertex in other end vertex in
the level 2 having the the level 2 having the

label k − (i+ 1) label k − (i+ 2)
k − 1 k − 1 0

We consider the k-vertices respectively having the labels 0, 1, 2, . . . , k − 1 which are listed
in the Table 4 and 5, then, if we collect the edges incident at each of these k-vertices then
their incident edges get the edge labels 0, 1, 2, . . . , k − 1 such that each edge label i, for i,
0 ≤ i ≤ k − 1 is obtained exactly 2r1 times. Since m0 sets of k vertices having the labels
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0, 1, 2, . . . , k − 1 in the level 1. Thus, from Observation 1, for every pair (i, j), 0 ≤ i < j ≤
k − 1, we have |E1(i)| = |E1(j)| = 2r1m0.

Step 4. Assigning labels to the vertices in level 3
To assign labels to the vertices of level 3, we define the following. For 2 ≤ ` ≤ n and

for 0 ≤ i ≤ k − 1, ch(V`(i)) denote the set of all children of every vertex of V`(i). That is,
ch(V`(i)) = {u ∈ V`+1 | u is a child of any v ∈ V`(i)}. From Step 3, we have |V2(i)| = 2r1m0,
for i, 0 ≤ i ≤ k − 1 and |ch(V2(i))| = 2r1m0(d2 − 1). Using the following labeling scheme,
we assign labels to the 2r1m0(d2 − 1) children of each vertex in V2(i), for i, 0 ≤ i ≤ k − 1.

Labeling Scheme 1.
For every vertex v ∈ V2(i), for i, 0 ≤ i ≤ k − 2. First, choose

r1m0(d2−1) member of ch(V2(i)) and assign the label k−(i+1) to each of these r1m0(d2−1)
member and then choose the remaining r1m0(d2−1) member of ch(V2(i)) and assign the label
k − (i+ 2) to each of these r1m0(d2 − 1) member.

When i = k − 1 First choose r1m0(d2 − 1) member of ch(V2(k − 1)) and assign the
label 0 to each of these r1m0(d2 − 1) member and then choose the remaining r1m0(d2 − 1)
member of ch(V2(k − 1)) and assign the label k − 1 to each of these r1m0(d2 − 1) members.
The following table gives the distribution of labels to the vertices of level 3 of T .

Table 6: Vertex label of the vertices in the level 3
Label i of a vertex in Label of the each Label of the each

the level 2 of T child of the first child for the
chosen r1m0(d2 − 1) remaining chosen

children in the r1m0(d2 − 1) children
ch(V2(i)) in the ch(V2(i))

i = 0 k − 1 k − 2
i = 1 k − 2 k − 3
i = 2 k − 3 k − 4
i = 3 k − 4 k − 5

...
...

...
i = k − 4 3 2
i = k − 3 2 1
i = k − 2 1 0
i = k − 1 0 k − 1

From Table 6, we observe that for every pair (i, j), 0 ≤ i < j ≤ k − 1, we have |V3(i)| =
|V3(j)| = 2r1m0(d2 − 1).



20 N. Shanmugapriya

The labels of the edges incident to the vertices lying on level 2 and having the other end in
level 3 are given in Tables 7, 8, 9 and 10.

Table 7: Edge labels of the edges incident to the vertices having the label i of the level 2 and
having the other end in the level 3 corresponding to the case where k is even

Label i of a vertex in Label of the Label of the
the level 2 r1m0(d2 − 1)(d3 − 1) r1m0(d2 − 1)(d3 − 1)

edges incident to the edges incident to the
vertex having the vertex having the

label i in the level 2 label i in the level 2
having the other end having the other end

vertex in the level vertex in the level
3 having the label 3 having the label

k − (i+ 1) k − (i+ 2)
i = 0 k − 1 k − 2
i = 1 k − 3 k − 4
i = 2 k − 5 k − 6

...
...

...
i = k−4

2 3 2
i = k−2

2 1 0
i = k

2 1 2
...

...
...

i = k − 4 k − 7 k − 6
i = k − 3 k − 5 k − 4
i = k − 2 k − 3 k − 2

Table 8: Edge labels of the edges incident to the vertices having the labels k − 1 of the level 2
and having the other end in the level 3 corresponding to the case where k is even

Label i of a vertex in Label of the Label of the
the level 2 r1m0(d2 − 1)(d3 − 1) r1m0(d2 − 1)(d3 − 1)

edges incident to the edges incident to the
vertex having the vertex having the

label k − 1 in the level label k − 1 in the level
2 having the other 3 having the other

end vertex in the level end vertex in the level
3 having the label 0 3 having the label

k − 1
i = k − 1 k − 1 0
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Table 9: Edge labels of the edges incident to the vertices having the labels i of the level 2 and
having the other end in the level 3 corresponding to the case where k is odd

Label i of a vertex in Label of the Label of the
the level 2 r1m0(d2 − 1)(d3 − 1) r1m0(d2 − 1)(d3 − 1)

edges incident to the edges incident to the
vertex having the vertex having the

label i in the level 2 label i in the level 2
having the other end having the other end

vertex in the level vertex in the level
3 having the label 3 having the label

k − (i+ 1) k − (i+ 2)
i = 0 k − 1 k − 2
i = 1 k − 3 k − 4
i = 2 k − 5 k − 6

...
...

...
i = k−3

2 2 1
i = k−1

2 0 1
i = k+1

2 2 3
...

...
...

i = k − 4 k − 7 k − 6
i = k − 3 k − 5 k − 4
i = k − 2 k − 3 k − 2

Table 10: Edge labels of the edges incident to the vertices having the labels k − 1 of the level
2 and having the other end in the level 3 corresponding to the case where k is odd

Label of a vertex Label of the Label of the
in the level 2 r1m0(d2 − 1)(d3 − 1) r1m0(d2 − 1)(d3 − 1)

edges incident to the edges incident to the
vertex having the vertex having the

label k − 1 in the level label k − 1 in the level
2 having the other 3 having the other

end vertex in the level end vertex in the level
3 having the label 0 3 having the label

k − 1
i = k − 1 k − 1 0

From Tables 7, 8, 9, and 10, we have

|E2(i)| = |E2(j)| = 2r1m0(d2 − 1), for every pair (i, j), 0 ≤ i < j ≤ k − 1.
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In general for the vertices in the level `, for each `, 4 ≤ ` ≤ n, we follow the Labeling
Scheme 1. Then in each level `, 4 ≤ ` ≤ n, for every pair (i, j), 0 ≤ i < j ≤ k − 1, we have

|V`(i)| = |V`(j)| = 2r1m0

`−1∏
i=2

(di − 1)

and for each `, 3 ≤ ` ≤ n− 1, for every pair (i, j), 0 ≤ i < j ≤ k − 1, we have

|E`(i)| = |E`(j)| = 2r1m0
∏̀
i=2

(di − 1).

From Steps 1, 2, 3 and 4, we have the following facts:
1. In the level 0 the root is labeled with 0.
2. In the level 1, we have

|V1(i)| = |V1(j)| = m0, for every pair (i, j), 0 ≤ i < j ≤ k − 1.

3. In the level 2, we have

|V2(i)| = |V2(j)| = 2r1m0, for every pair (i, j), 0 ≤ i < j ≤ k − 1.

4. For every level `, 3 ≤ ` ≤ n, we have

|V`(i)| = |V`(j)| = 2r1m0

`−1∏
i=2

(di − 1), for every pair (i, j), 0 ≤ i < j ≤ k − 1.

5. (i) |E0(i)| = |E0(j)| = m0, for every pair (i, j), 0 ≤ i < j ≤ k − 1.

(ii) |E`(i)| = |E`(j)| = 2r1m0, for every pair (i, j), 0 ≤ i < j ≤ k − 1.

(iii) For each `, 2 ≤ ` ≤ k − 1, we have |E`(i)| = |E`(j)| = 2r1m0
∏`

i=2(di − 1), for every
pair (i, j), 0 ≤ i < j ≤ k − 1.

From the facts 1, 2, 3 and 4, we have

|VT (i)| = |VT (j)|, for every pair (i, j), 1 ≤ i < j ≤ k − 1 (1)

and

|VT (0)| − |VT (i)| = 1, for every i, 1 ≤ i ≤ k − 1 (2)
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From the fact 5, we have

|ET (i)| = |ET (j)|, for every pair (i, j), 0 ≤ i < j ≤ k − 1. (3)

The equations (1), (2) and (3) imply that T is k-equitable.

Illustration
We give below in Figure 4 the 4-equitable labeling to the first two levels degree specific

symmetric tree, where the 4-equitable labeling defined here in this example is given as in the
proof of Theorem 2.2.

3 3 3

0

2 2 2 2 2 2 1 1 1 1 1 1 0 0 0 0 0 0 3 3 3

1 1 1 222000000 1 1 1 3 3 3 2 2 2 3 3 3

3 2 2 1 1 0 0 3

0 1 2 3

Figure 4: The 4-equitable labeling of the first two levels degree specific symmetric tree
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